


Schedule
• In an effort to understand the dynamics and origins of terrestrial tectonics, 

we embark on a tour of different convective systems 
• We will example mantle convection systems: 

• as a function of Rayleigh number 
• with bottom heated boundary conditions 
• which are internally heated 
• with temperature dependent viscosity 
• with non-Newtonian viscosity 
• with plastic yielding 
• phase transitions 
• containing compositional variations 
• with a free surface boundary condition 
• in three-dimensional geometry
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Thermal convection
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Variations in temperature cause 
small changes in the fluid 
density

Buoyancy forces cause cold 
(compressed, i.e. higher 
density) material to sink

http://dreamtigers.wordpress.com/2011/05/11/plate-tectonic-metaphor-illustrations-cmu/
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how to go from here … to here
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Fluid constitutive law
• Viscous 

!

!

• Incompressible 
!

!

• Expanded form (2D)
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Boussinesq
• Thermal variations in a fluid lead to small amounts of 

expansion / contraction. 
• Expansion results in lowering of density, e.g. resulting in a 

buoyancy force —> leading to thermal convection
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⇢ = ⇢0 + ⇢0 ⇢0 ⌧ ⇢0

⇢0 = �⇢0↵v (T � T0)

coefficient of thermal expansivity [1/K]

Reference temperature 
corresponding to ref. density 

Reference density

perturbation



Non-dimensionalisation
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(1) Dimensional form:

�rp+ ⌘r2v = �⇢0↵Tgêz

r · v = 0

DT

Dt
= r2T

�rp+ ⌘r2v = ⇢0 (1� ↵(T � T0)) gêz

r · v = 0

DT

Dt
= r2T

x

0 = x/h

t0 = t/(h2/)

T 0 = T/�T

v

0 = v/(/h)

p0 = p/(⌘/h2)

(2) Perturbation from 
background state:

Ra =
↵⇢0g�Th3

⌘

(3) Scaling:

(4) Non-dimensional form:

Rayleigh number

�r0p0 +r02v0 = �RaT 0êz

r0 · v0 = 0

DT 0

Dt0
= r02T 0



Non-dimensional numbers
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• advection / conduction 
• indicates something about the vigor of convection

Reynolds number

Rayleigh number

Nusslet number

• inertia forces / viscous forces 
• zero for the Earth on long time scales

• convective heat transfer / conductive heat transfer 
• non-dim heat flux 
• provides a measure of efficiency of heat transfer through the surface

Ra =
↵⇢0g�Th3

⌘

Re =
⇢hU

⌘



Numerical experiments
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40 years of mantle 
convection

1975 “Cray-1” 2014 Cray “XC30”



[Pt 1] Iso-viscous, bottom heated
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Ra =
↵⇢0g�Th3

⌘

�r0p0 +r02v0 = �RaT 0êz

r0 · v0 = 0

DT 0

Dt0
= r02T 0



Steady state
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Time dependence
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Ra=1e5 Ra=1e6 

Ra=1e7 Ra=1e8 



Transition to hard turbulence
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Ra = 1e6 “soft” turbulence



Transition to hard turbulence
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Ra = 1e8 “hard” turbulence



Nu-Ra scaling laws
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Nu = cRa�

c = 0.27, � = 0.3185

Christensen (1984)

Problem dependence
(iso-viscous: moderate Ra)

(iso-viscous: high Ra)

(variable viscosity)

Fukao et al. (2008)



[Pt 2] Iso-viscous, basal heating
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H q

• Replace constant temperature at 
the base with constant heat flux q, 

• From Fourier’s law 
!

!

!

• Define new Rayleigh number…

Raq =
↵g⇢0qh4

k⌘

�T =
qh

k



[Pt 3] Iso-viscous, internal heating

H DT

Dt
= r2T + ⇢H

• Introduce an internal heat source (e.g. 
radiogenic). 

• Conservation of energy equation becomes 

!

!

• Non-dimensional heat source 

!

!

• Define new Rayleigh number…

Q =
h2⇢H

k�T

RaH = QRa =
↵⇢20gHh5

k⌘
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Heating modes

• Bottom / internal heating 
• Passive / active upwellings 
• Larger time dependence 
• Bottom / upper boundary layer thickness are independent (plumes versus plates)

(Davies, Dynamic Earth Plates, Plumes and Mantle Convection, 1999) 



Internal heating: Q = 0
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Internal heating: Q = 20
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Internal heating: Q = 40
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Transitions
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[Pt 4] Temperature dependent viscosity

(Moresi & Solomatov, Phys Fluids, 1995)

⌘ = ⌘0 exp (��T )

• High viscosity where 
temperature is low (near the 
surface) 

• Results in essentially zero 
velocity, strain-rate and 
stress in the upper regions 
—> “stagnant lid” 

• Conductive profile in the lid 
• Convection occurs under lid

�rp+r · ⌘
�
rv +rvT

�
= ⇢0 (1� ↵(T � T0)) gêz



Stagnant lid
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• Increasing viscosity ratio 
(from top to bottom panels) 

• Lid becomes thickness as 
temperature dependence 
increases 

• Heat loss through the 
surface becomes less 
efficient

(Moresi & Solomatov, Phys Fluids, 1995)



Surface motion
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• Zero at cell boundaries 
and maximum at cell 
centre 

• Sharp variations near 
cell boundaries 

• Approximately constant 
between cell boundaries

(Christensen, Geophys. J. Roy. Astron. Soc., 1984)



Stagnant lid: Visc. ratio 1e2
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Ra = 1e6

⌘
max

⌘
min

= 102



Stagnant lid: Visc. ratio 1e3
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Ra = 1e6

⌘
max

⌘
min

= 103



Stagnant lid: Visc. ratio 1e4
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Ra = 1e6

⌘
max

⌘
min

= 104



Stagnant lid: Visc. ratio 1e5
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Ra = 1e6

⌘
max

⌘
min

= 105



Thermal profiles
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temp. dep.

• Large aspect ratio between 
thermal boundary layer 
thickness 

• Large viscosity variations in 
the upper 200 km 

• Asymmetry between 
upwellings and 
downwellings

(Bercovici, Richard, Richards, GEOPHYSICAL MONOGRAPH, 2000)



Dynamical regimes

!31 (Bercovici, Richard, Richards, GEOPHYSICAL MONOGRAPH, 2000)



[Pt 5] Non-Newtonian viscosity
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• In some ways, results in more 
“plate” like behaviour for n = 3,
…,5 

• At modest Ra, power-law tends to 
modify thermo-viscous flow to 
look like iso-viscous convection 

• Large regional variations in flow 
velocity correspond inversely 
with large variations in viscosity

power-law



Positive feedback
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• Can occur in high Ra 
systems 

• Rapid deformation can lead 
to very low local viscosities 

• Collectively these may 
couple together to produce 
small-scale, high velocity 
upwellings and 
downwellings



[Pt 6] Rheology with finite yield strength
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stagnant lid plastic 
“mobile lid”

iso-viscous

⌘creep = ⌘0 exp(�✓T )

⌧y = c0 + �⇢gz
⌘e↵ = min


⌘creep,

⌧y
2✏̇II

�

(Moresi & Solomatov, 1998)



Episodic behaviour
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temperature  
+ stream lines

stress invariant  
contours



Episodic behaviour
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When the yield stress is high, 
convection is confined below 
a thick, stagnant litho- 
sphere.  
At low yield stress, brittle 
deformation mobilizes the 
lithosphere which becomes a 
part of the overall circulation; 
surface deformation occurs 
in localized regions close to 
upwellings and downwellings 
in the system.  
At intermediate levels of the 
yield stress, there is a cycling 
between these two states: 
thick lithosphere episodically 
mobilizes and collapses into 
the interior before reforming



[Pt 7] Phase transitions
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subduction plume

dp/dT > 0 [exothermic]

dp/dT < 0 [endothermic]

(olivine)

(spinel)

(post-perovskite)

� ⇠ +1.6 MPa/K

� ⇠ �2.5 MPa/K

Density of spinel is ~ 280 kg/m3 higher than olivine 
Density post-perovskite is ~ 400 kg/m3 higher than spinel

Clapeyron slope

� =
dp

dT

410 km

660 km



Phase transitions
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Clapeyron slope

� =
dp

dT

dp/dT > 0 
(exothermic)

dp/dT < 0 
(endothermic)



Phase transitions
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subduction

dp/dT > 0

dp/dT < 0

� ⇠ +1.6 MPa/K

� ⇠ �2.5 MPa/K

Transition into the denser 
phase occurs at shallower 
depths (i.e. lower pressure). 
Hence, relative to the 
background mantle, the 
slab is more negatively 
buoyant  
!

Transition into the denser 
phase occurs at much 
greater depths (i.e. higher 
pressure). Thus, relative to 
the background mantle, the 
negative buoyancy of the 
slab is reduced, or   can in 
fact become ~ 0. 

410 km

660 km



Phase transitions:Slabs
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Phase transitions
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Makes 
convection 
more 
episodic 
!
Periods of 
two-layer 
convection, 
followed by 
whole-mantle 
convection

(Davies, 1995)



Phase transitions
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The strength 
of the slab is 
important 
!
Strong slabs 
may 
penetrate, 
weak slabs 
may founder
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Phase transitions: Plumes
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The 
magnitude of 
the Clapeyron 
slope is 
important for 
mantle plume 
migration



Phase transitions

!44

0 MPa/K 

-4MPa/K 
-2 MPa/K 

“660”

Height!
above!
CMB



Phase transitions
• Results depend on Clapeyron slope and nature of 

anomaly (slab “cold” versus plume “hot”) 
• Christensen & Yuen (1985) indicate layered convection 

occurs if the slope is steeper than -6 MPa/K 
• Chemical differences between upper and lower mantle 

can change the regime 
• Strength of slabs and chemical heterogeneity with the 

slab can influence the regime 
• New laboratory results favour smaller Clapeyron slope 
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[Pt 8] Compositional variations
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f = (�⇢
composition

� ⇢
0

↵�T ) gêz

�rp+ ⌘r2v = f

B =
�⇢

composition

⇢
0

↵�T

Buoyancy number

• buoyancy from composition / Boussinesq

chemically distinct materials thermal contraction/expansion



Compositional variations

!47

Ra = 106

⌘
max

⌘
min

= 104

B = 2



Compositional variations
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Ra = 106

⌘
max

⌘
min

= 104

B = 0.8



Compositional variations
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Ra = 106

⌘
max

⌘
min

= 104

B = 0.6



Compositional variations
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Ra = 106

⌘
max

⌘
min

= 104

B = 0.5



[Pt 9] Role of boundary condition

!51 (Gerya et al, Geology,2008)



Role of boundary condition

!52 (Crameri, GRL,2012)



[Pt 10] Three-dimensionality
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Ra=105 

Ra=105 

Hein van Heck 

Hein van Heck 



[Pt 10] Three-dimensionality
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Ra = 1e7 
Bottom heated, 
H = 20 
!
Less 
upwellings as 
before
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Avalanches into 
lower mantle 

Mantle becomes 
more stratified 

Completely 
layered 
convection 

(Yuen et al,1994)

Compressible, viscosity increases with 
depth, phase transition at 660 km

Ra = 2e6 
!
!
Ra = 1e7 
!
!
Ra = 4e7 
!
!
Ra = 6e7 
!
!
Ra = 1e8 
!
!
Ra = 4e8



!56(Tackley ,2008)



“The quest for self consistent tectonics”
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34 MPa 
!
!
70 MPa 
!
!
86 MPa 
!
!
120 MPa 
!
!
168 MPa 
!
!
200 MPa 
!
!
340 MPa

YIELD 
STRENGTH

(Tackley ,2000)
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“The quest for self consistent tectonics”

(Tackley ,2000)



!59 (van Heck & Tackley ,2008)

“The quest for 
self consistent 

tectonics” 

YIELD 
STRENGTH



Summary
• Convective regimes are highly influenced by the form of the viscosity — 

and many other physical factors, e.g.  internal heat sources 
!

• Care should be taken when discussing and comparing results of non-
dimensional simulations 

• Adding complexity (one at a time) into convection models can help the 
development of our understanding of fundamental processes relevant to 
the Earth (and other planets),… 

• …however, non-dimensional analysis will only get you so far 
• When “all” physics is included, disentangling the relevant importance of 

each, or determining the dominant contribution to a regime is difficult 
• The “minimum” necessary physics to study any given convective process 

is not defined 
• To date, there is no model which produces self-consistent plate tectonics, 

future research is required
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