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Geodynamic processes are in many cases coupled to surface processes such as erosion of mountains or
deposition of sediments in basins. Numerical models that study the effect of such surface processes on
the dynamics of the lithosphere use either a self-consistent free surface approach or approximate it by
adding a weak, low density “air” layer on top of the model domain. A main problem with such setups,
however, is that they are numerically unstable, which is caused by the fact that the density difference
that drives geodynamic processes (~30-100 kg/m?) is much smaller than the density difference between
rocks and air (~3000 kg/m?). In order to retain isostatic balance, one should thus employ a time step that
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Lithospheric deformation is at least 30 times smaller than in models with a free slip upper boundary condition, which makes such
Rheology models computationally very expensive.

Here we describe a new free surface stabilization approach (FSSA) that largely overcomes this time step
restriction. In this work, we apply the stabilization technique to consistent free surface models utilizing a
finite element discretization. The approach is based on the observation that most geodynamical simula-
tions perform time-dependent simulations by solving the static Stokes equations and then updating the
material or temperature fields in a separate step. If, however, the time-dependency of these quantities
is taken into account during the discretization of the momentum equations, additional surface traction
terms appear in the weak form of the FE formulation. These terms, which depend on the employed time
step and velocity, essentially correct for the change of forces in an element due to advection or distortion
of every element. By time-discretizing them, they act as a stabilizing term that largely increases the time
steps that can be employed (by a factor 20-100 depending on the time stepping criteria that is used).

We illustrate the accuracy and power of this method with examples of a free surface Rayleigh-Taylor
instability and with a free subduction experiment.
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1. Introduction wavelength, picture of mantle-surface interaction (Poliakov and

Podladchikov, 1992), there are cases in which this is not sufficient.

Recently, there has been an increased interest in understanding
the interactions between surface processes and deep tectonic pro-
cesses (e.g., Braun, 2006; Braun and Yamato, in press; Kaus et al.,
2008; Willett, 1999). In order to model the interaction between
such processes in a self-consistent manner, one has to take the
free surface of the Earth into account. In the past, the free sur-
face of the Earth was incorporated into mantle convection codes
by adding a surface traction on the upper (undeformable) boundary
(e.g., Gurnis et al., 1996; Zhong et al., 1996). Whereas such models
give important insights and probably capture the first order, long
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Examples include models of coupled sedimentation and erosion
in a deforming fold-and-thrust belt (Simpson, 2006), as well as a
benchmark study on free subduction (Schmeling et al., 2008).

Particularly, this last study pointed out the potential importance
of a free surface on slab dynamics. One of the purposes of the study
was to reproduce laboratory experiments on free subduction in
which a viscous slab sinks into a viscous mantle. Whereas labo-
ratory experiments show slab bending and unbending, numerical
experiments with a free slip boundary condition develop a dripping
instability (Fig. 1). If a free surface boundary condition is employed
instead, or if a “sticky air” layer is taken into account, the numerical
models behave fairly similar to laboratory experiments (see Fig. 1
for an example).

Both approaches, however, pose severe restrictions on the com-
putational time step. The simulation with free slip upper boundary
condition of Fig. 1, for example, was done with an average time step
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Fig. 1. Free subduction experiment in which a linear viscous slab sinks into a linear viscous mantle. The upper boundary condition is either free slip (left) or free surface (right).
Clearly, the upper boundary condition has a significant effect on subduction dynamics, and only the free surface case is consistent with results of laboratory experiments.
The average time step for the free surface case is significantly smaller than for the free surface case. Model parameters employed are: the slab has a density of p=3250kg/m3
and a viscosity of 7=1023 Pas, whereas the mantle has p=3200 kg/m?, =102 Pas, the initial slab was 50 km thick, 1500 km long, and has a 125 km long notch that initially
subducted with an angle of 34°. Free slip conditions are applied on the lower and side boundaries, and gravitational acceleration was 9.81 m/s?.

of ~800,000 years. For stability reasons, the free surface simulation
had a time step restriction that limited the maximum vertical dis-
placement to no more than 10 m during a single time step (and to no
more than 10,000 years at any time). As a result, the average time
step during this simulation was ~1300 years. Compared to cases
with a free slip upper boundary condition, it is thus numerically
very expensive to perform free surface simulations.

The numerical instabilities that develop if a too large time step
is employed in combination with a free surface, can be illustrated
with a Stokes-flow example, which is taken here as a lithospheric
detachment in which a material of high density and viscosity moves
downwards through an underlying mantle lithosphere of lower
density and viscosity (Fig. 2A). If a constant time step of 2500
years is employed, the simulation evolves in a stable manner and
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Fig.2. Rayleigh-Taylorinstability of a dense, more viscous layer (o =3300 kg/m?3, n=10?" Pas), sinking through aless dense fluid (o = 3200 kg/m?3, n = 102° Pa s). Side boundaries
are free slip, the lower boundary is no-slip and the upper boundary is a free surface. The box is 500 x 500 km in size, and gravitational acceleration was 9.81 m/s2. The initial
perturbation was sinusoidal with initial amplitude of 5 km. A constant time step of 2500 years (A) or 5000 years (B) was employed, with Q;P_; quadrilateral elements and
51 x 51 nodes. Whereas the 2500 years simulation evolves smoothly, the simulation with At=5000 years results in a sloshing instability, in which the velocity pattern

changes direction from one time step to the other.
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Fig. 3. Depth of the interface at x=—250 km versus time for the free surface simu-
lations of Fig. 2. The inset shows that the simulation with constant At of 5000 years
results in a numerical instability. For comparison we also show a simulation with
a free slip upper boundary condition. In this case, a time step of At=50,000 years
could be employed without causing a numerical instability.

topography builds up gradually and decays with time once the high
density material sinks to the bottom of the model box (Fig. 2A).

However, if the same simulation is performed with a con-
stant time step of 5000 years an instability occurs which we term
the “sloshing instability” or the “drunken sailor effect” (Y. Pod-
ladchikov, personal communication, 2000). Instead of dripping
downwards (as the analytical solution would predict), the simula-
tion develops an unphysical velocity field that flips direction from
one time step to the other (Fig. 2B). Models in which the upper
boundary is a free slip boundary, on the other hand, can be per-
formed with a time step of 50,000 years without any evidence of
numerical instabilities (Fig. 3).

Empirical experimentation indicates that the density contrast
between rocks and air is the key parameter, which restricts the
time step in these simulations. Typical densities of rocks are
0 ~3000kg/m3, whereas typical density differences between the
lithosphere and mantle, which drive lithospheric-scale processes,
are 30-100 kg/m3.

The driving force from the topography of the lithosphere-mantle
interface is thus 30-100 times smaller than that of the air-rock
interface. Since the stress o, is proportional to o oc A pgA, one can
conclude that changing the surface topography A by one meter,
induces stresses that are 30-100 times larger than those caused
by moving the bottom of the lithosphere by 1 m. Using too large
a time step might bring the topography out of isostatic equilib-
rium with the rest of the model, with a numerical instability as
a result. Using higher-order time stepping algorithms, such as a
fourth order Runga-Kutta algorithm (instead of the Eulerian time
stepping method used in Fig. 1), does not improve the situation,
since it essentially requires one to perform several explicit iter-
ation steps during one time step. The system might come out of
isostatic equilibrium during any of these iterations, which will yield
non-physical results.

We observed that the above mentioned instability does not
only occur during the initial stages of the model, but also during
more evolved stages, particularly in cases with a subduction setup
(Schmeling et al., 2008) or with erosion and lithospheric deforma-
tion (Kaus et al., 2008). A workaround is to limit the time step in
such a manner that the changes in the topography are no more
than 10-50 m per time step (for Earth-like densities). The result-
ing time steps, however, are very small, which makes the models

computationally very expensive, particularly compared to free slip
models.

Another potential solution to eliminate the instability is to com-
bine a Lagrangian finite element method with a fully implicit time
stepping algorithm, in which the nodal coordinates of a mesh are
treated as additional degrees of freedom. The resulting system of
equations, however, is considerably larger than the original Stokes
problem. In addition, it becomes nonlinear and may require sig-
nificantly more CPU time to solve than the original problem (e.g.,
Cuvelier et al., 1986). This can be solved by either using a Picard-
type iteration approach (e.g., Nickell et al., 1974; Ramanan and
Engelman, 1996) or by using a full Newton-Rhapson iteration
scheme in which the stiffness matrix is recomputed in the new
geometry (e.g., Cuvelier and Schulkes, 1990; Kistler and Scriven,
1984). Most existing research on free surface flows focuses on flows
in which inertial terms or surface tension is relevant. Here we
describe a different approach, appropriate for inertial-free geody-
namic models, which requires only minor modifications to existing
(FEM) velocity-pressure Stokes solvers, but which allows the use
of significantly larger time steps, thereby providing a drastic reduc-
tion in the run time for free surface simulations.

2. Governing equations

In geodynamics, we commonly use the Boussinesq approxima-
tion, which assumes that rocks are incompressible on geological
timescales, and for which the governing equations can be written
as

D;j =0, (1)
Oijj = P& (2)

where Djj = 1/2(v; j + v;;) is strain rate, v; velocity, g; gravitational
acceleration, p density, x; are the spatial Cartesian coordinates, o =
—P + tj; stresses, P = —(07;)/3 pressure and t;; deviatoric stresses.

The rheology we use in this work is Newtonian viscous, which
is given by

T = 2nDy;, (3)

where 7 denotes viscosity. In general, the viscosity is a function
of many parameters including temperature. Moreover, rheologies
typically employed in lithospheric-scale geodynamic codes are
visco-(elasto)-plastic rather than viscous. In this work, such addi-
tional complexities are ignored as a viscous free surface model is
sufficient to illustrate the underlying problem. The methodology
we propose can be directly applied to more complex rheologies, as
well as to problems involving the energy equation.

In addition to the Stokes equations, an evolutionary equation is
present which advects a material field ¥ according to

Ye+1,V¥ =0 (4)
Egs. (1)-(4) thus forms a system of four equations with four

unknowns.

3. Numerical formulation

3.1. Classical weak formulation of the momentum equation

In most numerical codes employed in geodynamics, the
mechanical Egs. (1)-(3) are solved independently from material
advection Eq. (4). The weak finite element formulation of the
momentum Eq. (2) is obtained by multiplying the governing equa-
tions by a test function w; and integrating it over the domain:

/(Uij,j - pgi)w;dV =0, (5)
v
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which yields "
/ (oyw; j — pgiw;)dV — / wi(t; +t£)d =0 (11)
V(x;) I'(x;)
/(UijWi,j — pgiw;)dV — / w;tidl" =0, (6)
v r where we have now introduced an additional boundary trac-

where t; = oy;n; is a given surface traction vector, n; is the outward
unit normal vector of the boundary dI', and the weight function
w; vanishes on those parts of the surface where velocities are pre-
scribed.

3.2. Weak formulation with time-evolution

The numerical simulation of a fluid flow problem which includes
the evolution of a Lagrangian free surface is nonlinear as the
fluid velocity, pressure and coordinates defining the spatial dis-
cretizations are all unknown (Zienkiewicz and Taylor, 2000a,b).
For economy, rather than solve the fully coupled nonlinear system,
such problems are usually solved using a predictor step, followed
by a number of correction steps which are designed to drive the
system towards mechanical equilibrium (e.g., Cuvelier et al., 1986;
van Keken, 1993). A critical factor affecting the accuracy of the
predictor step is the choice of reference geometric state of the con-
tinuum (or reference configuration) used at the beginning of each
time step. The reference configuration defines the geometric state
from which all subsequent configurations are constructed. If we
define the coordinates of our continuum by x;, then one possible
reference configuration for the subsequent time step is

X; — X;j + OAty; (7)

where 0 < ® < 1 and At is a small but finite time step.

Apossible higher order, or tangent, formulation for the predictor
step may be obtained by inserting Eq. (7) into the differential quo-
tients included in Eq. (6) and expanding the result as a Taylor series,
including only terms, which are linear in v;. As a consequence, only
the gravity force term in the virtual power expression in Eq. (6) is
modified according to

/ pgiw;dv
V(xj+Ov; At)

~ / [ogiw; + OAt(pgiw;) kvi + OAL(pgiw;)vg ]dV + - --
V(x;)

*/ [ogiw; + OAt(pgiwivy) i ldV (8)
V(%)

Applying Gauss theorem yields:

/ (pgiw; + OAL(pgiwivy) 1 )dV
V(x;)

A(x-

)Og,‘WidV-'r/ OAtpgwyndI” 9)
) I(x;)
where the surface normal velocity is defined as v, = v;n;. Insert-

ing Eq. (9) into Eq. (6) yields the weak form of the boundary value
problem for the predictor step at each time step:

/ (ojw;j — pgiw;)dV — / witidl”
V(x;+Ov; At) I'(x;+Ov;At)

*/ (ojjw; j — pgiw;)dV
V(x;)

—/ wi(t; + OAtpgivy)dl” =0 (10)
I'(x;+Ov;At)

or

tion term tlg = | OAtpvpgiwidI". In the special case that
n, =constant=(0, 0, 1) (i.e., slopes on the free surface are small),
we obtain, t§ = OAtpgy;, t§=0, 5=0.

3.3. Mixed finite element formulation

We solve Eq. (11), subject to the incompressibility constraint Eq.
(1), using standard mixed finite elements. Accordingly, we split the
total stress into a deviatoric part (t;;) and a pressure (p) via

O',‘j = 'L','j 7})51]

Employing this formulation, Eq. (11) becomes

/WiﬁthdV—/wi,jpSijdV—i-/ W,-t;gdl"
4 v r

=/Wi(,0gi)dV+/WifidF, (12)
v

r
with the weak incompressibility constraint

7/ qui,,-dV =0
Vv

In the above, w; and q are suitably chosen test functions which
vanish on the Dirichlet boundaries. We refer the reader to standard
finite element textbooks (see, e.g., Cuvelier et al., 1986; Hughes,
1987) for a complete discussion of the weak formulation for incom-
pressible Stokes flow and the admissible choices for (w;, q).

The discrete problem is defined by sub-dividing the domain
Q into a set of non-overlapping elements with domain ¢, and
replacing the continuous test functions by piecewise defined func-
tions over each element. We denote the discrete test functions via
(N?, NP). We adopt the Galerkin formulation, thus our continuous
unknowns (v;, p) are approximated over each element via

v(x) ~ Y Np(x)vE
p(x)~ 3 NP(OpE
where (v, p¥) are the nodal velocities and pressures associated
with element e.

By introducing the discrete functions Eq. (13) into Eq. (12), the

continuous problem can be written out in a matrix form, over each
element, as

(13)

KeVe + Gep, + Leve =Fe

(14)
Glve=0

The discrete operators K, Ge, Fe are standard finite element stiff-
ness matrices, however for completeness we present them below

Ke = / B'DBdV
_(28

Ge = 7/ B 'mN,dv (15)
_(ze

Fo = / NY(pg)dV + / N'tdI”
Qe re

The traction introduced by the time-discretization L, is given
by

Le:/ N'(OpAtg)ndI.
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0 3

Fig. 4. Two-dimensional linear quadratic element with outward pointing normal
vector.

Since L. depends on velocity, we can write the system of equa-
tions as

K. Ge Ve F. (16)
(e 5) ()= (5)
where

I~(e =K+ Le

Obviously, L. =0 if ®=0 (and we recover the “classical” Stokes
equations).

We now discuss how to evaluate the stabilizing traction bound-
ary integral Le. In finite element analysis, the evaluation of surface
integrals is typically performed by only integrating along the edges
of the elements, which form part of the boundary of the domain
. This is appropriate as the surface integrals along the element
edges interior to £ will all cancel, leaving behind only the con-
tribution from element edges which are not shared by any other
element. In this work, we perform the surface integrals over every
edge of the element domain 2¢. We prefer this approach as (i) the
computational cost of evaluating the additional surface integrals on
the element edges is comparable to evaluating the stiffness matrix
K, both of which are negligible compared to time taken to perform
the solve and (ii) including the interior element edges will naturally
incorporate any internal density interfaces within the domain £, in
addition to the density jump at the free surface. In regions where
two elements possess a shared boundary with matching densities
on either side, the surface integral contributions from each element
will cancel. Conversely, if the neighbouring elements possess dif-
ferent densities, then the surface integrals will not cancel and the
correct stabilizing contribution will be introduced.

3.4. Implementation aspects

In the above, we represented the discrete part of the problem
associated with stabilizing surface integral as an element stiffness
matrix. This choice was partially for notation simplicity and par-
tially because we wish to evaluate the surface integral along all of
the element edges. In addition, it is computationally convenient to
perform an element-based assembly as this is consistent with the
finite element framework of assembling element stiffness matrices.
The non-zero structure of the element stiffness matrix of such a pro-
cedure is described below. Consider the 2D, four node quadrilateral
element shown in Fig. 4. We will assume that the element-nodal
velocity unknowns are ordered according to

Ve = (1, v}, 05, 0] 13, .04, ) (17)

Using this ordering and the node numbering shown in Fig. 4,
and if we include all the element edges in the surface integral, we

will obtain a matrix with the following non-zero structure

X X X X X X
X X X X X X
X XYYVYY
X XYYVYY
L= Y Y Y Y X X (18)
Y YY VY X X
X X X X X X
X X X X X X

For each edge E of an element e, we can explicitly define the
traction contribution (in 2D) as

/ AtpgxanIVI\J}’dS / AtpgxnyN:’Nj’.’dS

I e (19)
/ AtpgynxN/N;dS / AtpgynyN;N;dS

re re

The indices i,j are determined by the edge index E (see Fig. 4).

The complete traction term defined over the entire element is
computed by performing the typically finite element summation,
i.e.

all edges

Le = Z LE. (20)

To contrast with the classical FE approach, if we let the edge
defined by nodes 1 and 2 (from Fig. 4) denote an interface and we
only integrated along this surface, than the only non-zero entries in
L. will those denoted by Y in Eq. (18). Using the same free surface
example, and assuming we only wish to incorporate corrections
from the density jump at the free surface, the special case (in 2D),

when n = constant=(0, 1) will yield t; = —(pgy AtW¥, t; =0.The
corresponding edge correction matrix is given by
0 0
(21)

Lf =
0 AtpgynyN;N;dS
re

If the non-zero entry was approximated via nodal integration,
then the resulting element traction correction matrix would be

Le~L.=diag(l0O 0 0O T 0 T 0 0) (22)

where
T= %AtpgynyAL

where AL is the length of the edge segment.

Note that in general, each element stiffness matrix LE will be
non-symmetric. This is an immediate consequence of the fact that
the terms gxny and gyny will generally not be equal. For a simulation
in which the fluid possesses a single density and a free surface,
all the surface integrals performed over the shared element faces
will exactly cancel. Only the entries associated with the boundary
nodes along the free surface will produce non-symmetric entries in
K. Preserving the symmetry of the discrete problem is potentially
advantageous for both factorization techniques and preconditioned
iterative methods, which are used to solve the matrix problem. We
consider two methods to evaluate LE:

(I) Use Gauss-Lobatto quadrature to evaluate the full matrix LE,
in which the integration points are located at the nodal points.
We will call this the free surface stabilization algorithm 1 (FSSA
1). This algorithm does typically not yield a symmetric system
of equations.

(II) Use a “lumped” version of LE, where rather than using the full
matrix, the diagonal version of LE is used in combination with
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Gauss-Legendre quadrature and off-diagonal terms are set to
zero. This results in a symmetric system of equations (FSSA 2).

In Section 4, we illustrate via a number of numerical examples
that both choices produce stable numerical results, and that the
(numerically faster) FSSA2 method yields very similar results as
the FSSA1 method.

From an implementation point of view, the only modification to
the classical Stokes equations consists of evaluating L. and adding
it to the standard element stiffness matrix K.

After assembling the element stiffness matrixes, the global stiff-
ness matrix becomes

(& ) ()-C) .

where K is the global stiffness matrix, formed by summing K., G
the discrete gradient operator, and F contains terms related to the
body forces and the prescribed tractions.

4. Results

We have implemented the approach described in Section 3
within MILAMIN_VEP, which is a two-dimensional geodynamic
modelling code that is based on the fast MATLAB-based Stokes
solver MILAMIN (Dabrowski et al., 2008) but include remeshing,
visco-elasto-plastic rheologies as well as a tracer-based method
to advect material properties (Kaus, 2009; Kaus et al., 2009). MIL-
AMIN_VEP works both for triangular unstructured and quadrilateral
structured meshes. Here, we employ both 7-node triangular ele-
ments (T,P_;) with discontinuous pressures, as well as Q,P_;
quadrilateral elements.

Here we illustrate the potential of our method with two geody-
namically relevant examples, and discuss the optimal choice of ®.

4.1. Free surface Rayleigh-Taylor test

The RT test described in the introduction (Fig. 2) was repeated
here with two different time stepping criteria. The first employs a
constant time step At, whereas the second uses a Courant criteria
given by

1 e
At = cTin(AT™)
max(vx,vz)

where AI® indicates the edge length of an element and vy, v,
vertical and horizontal velocities. If neither stabilization (FSSA1
or FSSA2) is employed, the maximum time step that gives stable
results is At=2500 years or C=0.003 for the two time step criteria
respectively. The models initially closely follow the results of a thick
plate semi-analytical solution (which is described in more detail in
Kaus and Becker, 2007), but deviate from this after the layer has
thickened to ~150 km (which is to be expected as the analytical
solution is only valid for small amplitudes).

If the FSSA2 is employed (with ® =0.5), however, it is possible to
use time steps of At=50,000 years or C=0.5, with nearly identical
results (Fig. 5).

In order to better understand the accuracy of the method we
have performed a series of systematic calculations to understand
(1) the accuracy of our (Eulerian) time stepping algorithm, (2) the
accuracy of FSSA1 versus FSSA2, and (3) the effect of varying ©.

The accuracy of the time stepping algorithm can be tested with
simulations in which the upper boundary condition is free slip,
since these simulations are numerically stable even if the FSSA
algorithm is not employed (®=0). In order to compare the var-
ious results, we measured the interface depth after 3 Myrs, and
compare the results with the smallest time step simulation with

Free surface upper boundary condition

1006 5ses0s0s - '
W‘M%“%n Linear stability
550 S, analytical solution
- AN
E -200- N 1
=
2
['}]
Q 250+ 1
3
£ \
1)) B
£ -300 X
NO FSSA - At=2500 yrs A
.350!] © NOFSSA - C=0.003 E
© FSSAZ2 - At=50000 yrs
- FSSA2-C=05
-400 : ;
0 1 2 3 4 5
Time [Myrs]

Fig.5. Comparison of free surface simulations with and without the free surface sta-
bilization algorithm. If the FSSA is not employed, the maximum time step for stable
calculations is 2500 years (if constant At is employed), or C=0.003 (if a Courant-
based time step criteria is used). With the FSSA (with ®=0.5), a time step that is
20-167 times larger can be employed, giving nearly identical overall results.

®=0. Results indicate that using a time step of 50,000 years gives
an error of around 1%, whereas the error is larger if a Courant cri-
terion of C=1 is used (Fig. 6). If we employ the FSSA with ®=1
the errors are very similar, but with opposite sign. Very small dif-
ferences occur between simulations that use the FSSA1 and ones
that use the FSSA2. Simulations with & =0.5, however, are signif-
icantly more accurate and within a percent of the ‘true’ solution
even for the largest tested time steps (Fig. 6). If the time step is fur-
ther increased, we found that simulations with ®=0.5 ultimately
become numerically unstable, whereas simulations with ® =1 are
stable for a somewhat larger range of time steps.

We have repeated these experiments for a setup with a free sur-
face upper boundary. The results are essentially the same, with little
differences between FSSA1/FSSA2 and ®=0.5 yielding the most
accurate results (Fig. 7).

The ‘optimal’ value of ®=0.5 can be interpreted as using half
the ‘old’ and half the ‘new’ position of the density interface. Inter-
estingly, the results that are obtained with ® = 0.5 are significantly
more accurate than results of simulations that do not employ the
FSSA (®=0).

4.2. Free subduction

The second setup comes from a benchmark study of Schmeling
et al. (2008) in which an attempt was made to reproduce labora-
tory experiments of free subduction. In these laboratory studies,
a slab of high density and higher viscosity was placed in a tank
of lower density and viscosity. A range of numerical codes used a
setup that was inspired from the laboratory experiment (Fig. 8A),
and that employed either a ‘true’ free surface or that mimicked the
free surface with a ‘sticky air’ layer. It was found that the presence
of the (pseudo) free surface is important in these simulations, and
reasonable agreement between various codes was obtained for the
setup of Fig. 8. As described above, however, the presence of the
free surface poses severe time step restrictions and some of the
codes therefore required days to weeks of CPU time. This is clearly
unsatisfying if one wants to study the dynamics of subduction in a
more systematic manner.

Here we therefore repeat the experiment with MILAMIN_VEP,
and test the potential of the FSSA for this setup. Rather than using
a regular numerical grid (as in the Rayleigh-Taylor example), we
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Fig. 6. Effect of time step algorithm, time step size and FSSA algorithm on geometry error in simulations with a free slip upper boundary condition. The geometry error is
the difference of the maximum depth of the interface to the simulation with smallest time step and no FSSA (® =0). Clearly, the employed value of ® has a large effect on
the accuracy. Cases with FSSA and ® =1 have a similar error convergence as cases without FSSA (although the sign is different). Cases with ®=0.5, on the other hand, are
significantly more even for large time steps. There is little difference between FSSA1 and FSSA2.
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Fig. 7. As in Fig. 6, but with a free surface upper boundary condition. Cases without FSSA are numerically unstable for larger time steps; only the stable results are plotted.
As in the free slip runs, there is little difference between the particular implementation of the FSSA, but the choice of ® does have a significant effect, with &@=0.5 yielding
the most accurate results.
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Fig. 8. (A) Temporal evolution of a subduction experiment, designed to mimic laboratory experiments of free subduction. The slab has p=1495kg/m? and n=3.5 x 10° Pas,
whereas the mantle has p=1415kg/m> and n=32Pas. Free slip boundary conditions are applied everywhere except at the top boundary, which is a free surface. An
unstructured triangular mesh is used for these simulations with 7-node T,P_; shape functions. Results are in excellent agreement with a published subduction benchmark as
well as with laboratory experiments (Schmeling et al., 2008). (B) Slab-tip depth versus time for various time stepping algorithms. Also shown are the results of a laboratory
experiment as well as the results of FEMS-2D (which uses a different remeshing algorithm at the trench) and LaMEM (which is a FEM code with a structured mesh). Clearly,
the FSSA allows the use of significantly larger time steps with similar overall accuracy.
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Fig. 9. Error of time stepping algorithms for the free subduction experiment. If the
FSSA is not used, the maximum (Z that can be employed is ~10~3, which shows
that the FSSA significantly increases the time steps that can be employed with this
setup. As in the Rayleigh-Taylor test, ®=0.5 yields more accurate results, although
the difference is less pronounced.

employ triangular elements with quadratic velocity and linear, dis-
continuous, pressure shape functions. The slab and the free surface
are described by a marker chain and a finite element meshis created
from these chains with the help of the open-source code Triangle
(Shewchuk, 2002). During a simulation, the mantle rolls on top of
the subducting slab, which requires remeshing. An accurate treat-
ment of the triple point was found to be important in such situations
(Schmeling et al., 2008). Here we use an algorithm which kinemat-
ically moves mantle material on top of the subducting plate once
a critical angle is exceeded. The new trench location is determined
in a mass-conserving manner. In Schmeling et al., we have tested a
number of different remeshing algorithms (including a non mass-
conserving kinematic algorithm, which simply moved the trench
position to the next node on the slab marker chain), and we found
that little overall differences occur as long as the trench region is
numerically well-resolved. The specific algorithm used here is sim-
ilar to that used by the code FEMS-2D (which is also an unstructured
FEM code), but it was improved to deal with cases in which the
mantle forms overhangs (which might occur during very large time
steps). Remeshing was performed every 5th time step or as soon as
a critical trench angle of 20° was exceeded (which in many cases
resulted in a remeshing step at each time step).

In these simulations the size of the elements might vary sig-
nificantly between various regions of the model domain as well
as between different time steps. A purely Courant-based time
stepping criteria (which uses element edges as alength scale) there-
fore results in rapidly changing At between different time steps,
depending on whether remeshing resulted in small elements or not.
We therefore here use a different criteria which takes the height of
the model domain H as characteristic length scale,

H

At=C—F——
max(vy, vz)

Results (Fig. 8B) show that by using FSSA we can speedup
the simulations by a factor 100 whilst still achieving very sim-
ilar results. Also shown are the results of FEMS-2D (which are
reproduced quite closely), as well as the results of the laboratory
experiment and that of a structured finite element code (LaMEM).

A convergence test, which measured slab-tip depth after 500 s,
showed that ~2% error is introduced by increasing Z from 5 x 10~4
to 0.1 (Fig. 9). Simulations with ® = 0.5 are more accurate than sim-

ulations with ® =1, but the differences are less pronounced than in
the Rayleigh-Taylor experiment.

5. Discussion and conclusions

Geodynamics numerical simulations in which a free surface is
present can be numerically challenging, particularly if the lower
part of the model box consists of a weaker material (e.g., the litho-
sphere). One of the problems is that the time step in such models
has to be very small compared to similar models with a free slip
upper boundary condition, otherwise a sloshing instability will
occur.

Here, we describe a numerical algorithm that largely overcomes
this issue. The algorithm is based on an extension of the force bal-
ance equations to take into account the effect that the numerical
grid deforms from one time step to the other. By making an expan-
sion on the body force, one obtains an additional surface traction
term, which can be numerically integrated over every element and
which is essentially proportional to density jumps between adja-
cent elements. We explored two different finite element numerical
implementations of this free surface stabilization approach (FSSA),
and found that the easiest to implement algorithm (FSSA2) gives
nearly identical results to the more general method. If the FSSA is
employed, the stable time step which can be used within a simula-
tion can be increased by up to two orders of magnitude compared
to simulations without the FSSA.

Although we have not explored this here, we expect that the
FSSA will also stabilize Eulerian numerical codes that employ a
‘sticky air’ free surface (as the algorithm is sensitive to jumps in
density). Moreover, it should in principle be possible to extend the
algorithm to Eulerian finite difference codes, although an accurate
tracking of the free surface will be crucial here.
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