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[11 Attempting to reconstruct the thermal history of the Earth from a geophysical point of
view has for a long time been in disagreement with geochemical data. The geophysical
approach uses parameterized models of mantle cooling. The rate of cooling of the Earth at
the beginning of its history obtained in these models is generally too rapid to allow a
sufficient present-day secular cooling rate. Geochemical estimates of radioactive element
concentrations in the mantle then appear too low to explain the observed present
mantle heat loss. Cooling models use scaling laws for the mean heat flux out of the mantle
as a function of its Rayleigh number of the form O « Ra”. Recent studies have introduced
very low values of the exponent 3, which can help reduce the cooling rate of the
mantle. The present study instead focuses on the coefficient C in the relation O = C Rd”
and, in particular, on its variation with the wavelength of convection. The heat transfer

strongly depends on the wavelength of convection. The length scale of convection in
Earth’s mantle is that of plate tectonics, implying convective cells of wide aspect ratio.
Taking into account the long wavelength of convection in Earth’s mantle can
significantly reduce the efficiency of heat transfer. The likely variations of this
wavelength with the Wilson cycle thus imply important variations of the heat flow out
of the Earth on a intermediate timescale of 100 Ma, which renders parameterized models
of thermal evolution inaccurate for quantitative predictions.

Citation: Grigné, C., S. Labrosse, and P. J. Tackley (2005), Convective heat transfer as a function of wavelength: Implications for the
cooling of the Earth, J. Geophys. Res., 110, B03409, doi:10.1029/2004JB003376.

1. Introduction

[2] Scaling laws of the form Q Rd®, where Q is the
mean heat flux out of the fluid and Ra the Rayleigh number
of the fluid, are often used for the thermal history of the
Earth [e.g., Schubert et al., 1980; Davies, 1980]. For an
isoviscous fluid, a boundary layer analysis gives an expo-
nent 3 = 1/3. Two main heat sources must explain the
present observed mean heat flux at the surface of the Earth:
the production of heat by decay of radioactive elements, and
the secular cooling of the mantle. The first term is tradi-
tionally written using the Urey ratio, defined as the ratio
between the heat production by radioactive elements
within the mantle and the total heat loss of the mantle.
For whole mantle convection, geochemical estimates [e.g.,
Jochum et al., 1983; Allegre et al., 1988] give a present
Urey ratio around 0.4. With a radioactive heat production
corresponding to this Urey ratio, simple parameterized
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models of mantle convection lead to a cooling of the Earth
at the beginning of its history that is too fast (rapid initial
cooling) and they are unable to explain the present heat loss
of the Earth. Using a scaling of the form O ~ Ra'”,
Schubert et al. [1980] concluded that Urey ratios that lead
to the present-day heat flux being satisfied are between 0.65
and 0.85, values significantly higher than what is given by
geochemical estimates.

[3] Early studies proposed to solve this discrepancy by
reducing the exponent (3 in the relation Q ~ Ra”, in order to
slow down the cooling rate of the mantle and increase the
sensitivity to initial conditions. With an exponent of 1/3, the
balance between internal heat production and efficiency of
heat transfer for a mantle with a temperature-dependent
viscosity is such that the system is not sensitive to the initial
conditions and self-regulates at each time step [7ozer,
1972]: a local increase in heat production results in a lower
viscosity, and thus in more vigorous convection, that carries
away this excess heat. With an exponent 3 smaller than 1/3,
this self-regulation is reduced and the rate of cooling
becomes sensitive to the initial conditions. Christensen
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[1985] proposed an exponent 3 ~ 0.1 for models with a
temperature-dependent viscosity. It was, however, shown by
Davaille and Jaupart [1993] and Solomatov [1995] that this
low value of 3 was obtained only for the transitional regime
between the small viscosity contrast regime and the stagnant
lid one. Furthermore, the Earth’s mantle is not in the
stagnant lid regime. Gurnis [1989] showed that for models
with a strongly temperature-dependent viscosity, but in
which the lid is mobilized in a plate-like regime, the value
of 3 is close to 1/3. Honda [1997] emphasized too that weak
margins introduced into a model with a strongly tempera-
ture-dependent viscosity enhanced the efficiency of the heat
transfer, rendering it similar to the isoviscous case. Tem-
perature dependence of the viscosity alone cannot solve the
problem of the cooling of the mantle.

[4] Recent studies have introduced complex physical
processes to obtain low values of the exponent 3. Conrad
and Hager [1999] proposed that plate tectonic rate, and
consequently heat transfer, is controlled mainly by plate
bending in subduction zones, leading to a weak dependence
of the heat flow on the mantle viscosity and temperature.
They therefore proposed an exponent 3 < 0.1. In subsequent
numerical experiments [Conrad and Hager, 2001], they,
however, obtained values of 3 over 0.15, and this value of
0.15 was obtained only if a low viscosity asthenosphere was
placed under the lithospheric plate. Values of 3 smaller than
1/3 were, however, obtained under certain conditions, and
can help to slow down the cooling rate of the mantle. In
models introducing the effect of dehydration of the mantle
during melting, Korenaga [2003] argues that a hotter mantle
results in a deeper onset of melting, and thus in a thicker and
stiffer lithosphere, which reduces the heat loss. Above a
given temperature, this effect becomes more important than
the fact that a higher temperature results in a less viscous
mantle, more vigorous convection and higher heat flows.
The mean heat flux can then decrease with increasing
mantle temperature. Using a scaling law with a temperature-
and depth-dependent viscosity, Korenaga [2003] finally
obtains 3 ~ —0.15. With such an exponent, satisfactory
models of Earth cooling can be obtained even for low
present-day Urey ratios.

[s] The scaling for the surface heat flux, O = C Ra”, gives
a dimensional form ¢ = C (k AT/d)Ra" < C p=" (AT)*"!
d**~!, which makes clear the effect of B on the self-
regulation mechanism proposed by Tozer [1972]. On the
other hand, for convection at high Rayleigh number, where
the dynamics of the boundary layer is largely unaffected by
the rest of the flow, one can expect the heat flux at the
surface to be independent of the total depth d of the system
[Kraichnan, 1962]. The dimensional form of ¢ = f(Ra)
shows that this condition can be attained only for an
exponent 3 = 1/3.

[6] In the present study, the simple context of Rayleigh-
Bénard convection is first considered, to address a question
that has received no attention in parameterized models of
convection, which is the dependence of the heat flux on
the wavelength of convection. Rather than focusing on the
exponent (3 in the relation QO = C Rd®, we focus on the
prefactor C and on its dependence on the length scale of
convection, and we propose a simple alternative solution to
decrease the heat transfer efficiency in the mantle. Cooling
models for the mantle do not consider explicitly the geom-
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etry of the flow and use parameterizations that were
obtained in situations where the dominant horizontal wave-
length of convection is close to the depth of the system
(cells of aspect ratio one). Convection in the Earth is of long
wavelength. Presently, there are two main zones of subduc-
tion in the mantle, on each side of the Pacific Ocean, and
two large zones of upwelling, under Africa and under the
Central Pacific. The general view that mantle convection is
dominated by long wavelengths, and that this characteristic
is not an effect of a poor observation of short wavelengths,
is now largely accepted [Hager et al., 1985; Su and
Dziewonski, 1991; Woodward and Masters, 1991; Zhang
and Tanimoto, 1991; Montagner, 1994]. The wavelength of
convection in Earth’s mantle is thus to first order the one of
plate tectonics, with sublinear regions of downwelling along
subduction zones and regions of divergence along ridges.
This pattern is acceptably well represented by a two-
dimensional cellular circulation, with convective cells of
aspect ratio close to 3 for the present-day mantle.

[7] Heat transfer by convection depends on the horizontal
wavelength of the flow. For convective cells of aspect ratio
larger than one, the mean heat flux decreases with the size
of the cells [e.g. Turcotte and Oxburgh, 1967; Turcotte and
Schubert, 1982, 2002]. Zhong and Gurnis [1994], using
numerical models of convection where plates are generated
by the use of imposed surface velocities and a temperature-
dependent viscosity, obtained a systematic decrease of the
mean heat flux at the surface of the model with increasing
plate size, with a mean heat flux that can be reduced by 50%
for plates whose size L is 5 times the depth d of the model,
compared to plates of size L = d. Lowman et al. [2001]
addressed a similar question and also obtained a significant
decrease of the mean heat flux as a function of the plate
size. Using parameterizations that are derived from results at
aspect ratio one for models of cooling of the Earth can lead
to an overestimate of the heat transfer efficiency in the
mantle.

[8] In order to quantify the relation between the heat
flux and the wavelength of convection, simple models of
Rayleigh-Bénard convection are first considered, and the
effect of a variable wavelength is studied in an isolated way,
independent of any other level of complexity. A more
complex rheology is introduced in section 4 in order to
attain large size convection cells. A simple fluid loop model
[e.g., Turcotte and Schubert, 1982] is first derived to help
and interpret the results of full computations of models of
convection, which are presented afterward.

2. Fluid Loop Model

[o] In simple models of convection, the notion of con-
vective cells is obvious at low Rayleigh numbers. Figure 1
shows an example of Rayleigh-Bénard convection at a
Rayleigh number of 10°. Four cells of aspect ratio one are
clearly present in the box. This notion of cells is less clear at
high Rayleigh numbers, where convection is highly non-
stationary. Two snapshots of the temperature field obtained
at Ra = 10® are presented in Figure 2, for Rayleigh-Bénard
convection in two dimensions. Two kinds of plumes can be
seen in the model: long plumes, crossing the whole depth of
the fluid, with a relatively steady position (large triangles in
Figure 2), and smaller plumes, attracted toward the larger
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Figure 1. Temperature field for a Rayleigh-Bénard

convection at Ra = 10°.

subvertical plumes (small triangles in Figure 2). Even
though instantaneous temperature fields do not appear as
simple cells, the attraction of small plumes toward the larger
plumes defines a cellular circulation.

[10] We use an approach similar to the one used by
Turcotte and Oxburgh [1967] and Turcotte and Schubert
[1982, 2002] to build a loop model of convection, but bring
two modifications that substantially improve the agreement
between the loop model and the heat flux observed in
numerical calculations of Rayleigh-Bénard convection. We
consider two-dimensional steady state convection. The core
of the convective cell is well mixed and is considered to
have a homogeneous temperature 7;. Heat is transferred
through the horizontal boundary layers on top and at the
base of the cell by conduction. The vertical limits of the cell
are the cold downwelling and hot upwelling, both consid-
ered to be strictly vertical, and separated by the cell width L.
A schematic drawing in Figure 3 indicates the notations
used. The horizontal velocity u on top and at the base of the
fluid, and the vertical velocity w in the upwellings and
downwellings, both referred to as “plumes” in the remain-
der of this paper, are considered to be uniform along the
respective sides of the cell.

0.75 1.
Temperature

0.50

Figure 2. Temperature field for Rayleigh-Bénard convec-
tion at Ra = 105, at two different time steps. Small triangles
follow plumes moving toward steadier and larger plumes
(larger triangles).
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[11] We first consider the distribution of the temperature
T in the horizontal boundary layers. A model of cooling by
conduction of a half-space is used, which yields for the
upper boundary layer:

IoTd a2 (1)) (1)

where T is the fixed temperature imposed at the surface of
the fluid and k is the thermal diffusivity of the fluid. The
heat flux at the surface of the fluid can then be computed:

ot =+ ().,

where £ is the thermal conductivity of the fluid. The mean
heat flux is then:

—k@-m) (9" @

TRX.

E:%/Oth(x) dx =2k (T; — Ty) (ﬁ:L>1/z. »

[12] To compute the horizontal velocity u, the equilibrium
between the work of the driving force of convection and the
work of the resisting force is written. The driving force is
the buoyancy force of the plumes. The method we use to
compute it differs substantially from the one used by
Turcotte and Schubert [1982, 2002], which appears to lead
to a heat flux that is too high compared to the observations.
On each side of the cell, we consider half plumes, with 6 as
mean thermal width. We denote by 7. the mean temperature
of the cold plume. The buoyancy force of the half cold
plume can be written:

Je=apgg 8 (T; = Te), )
with o the coefficient of thermal expansion, p, the reference
density and g the gravitational acceleration. The half cold
plume carries the following heat rate per unit of length:

e =poCp wd (T; = To). (5)

[13] The hot and cold plumes are considered to be
perfectly symmetrical to each other. Each half plume must

x=0 x=L B
T=To
z=0} %_M 77777774

z=d}

Y

Figure 3. Loop model for a convective cell of width L and
height d [from Turcotte and Oxburgh, 1967](with permis-
sion from Cambridge University Press).
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Figure 4. Profiles of observed mean vertical velocity at
Ra =10’ and Ra = 10® at middepth of the model. Velocities
are normalized using the root mean square of the velocity.

then carry half of the total heat going out of the cell g; L.
This gives, using equation (3),

1/2
Ac=k (T — Tv) (“: L) L. (6)
Equating (5) and (6) gives
L \!/2
-ty =wm-m t ()

which can be reintroduced in equation (4), and finally gives
the buoyancy force of the cold plume:

fo=apog (T = To) = (H—L)l/2~ (8)

w u T

[14] To compute the viscous shear stresses, we consider a
linear vertical profile for the horizontal velocity. For the
vertical velocity, the form obtained in the models con-
structed during the present study is always similar to the
one presented in Figure 4. The profiles in Figure 4 are
obtained from numerical computations, using the method
described in Appendix A to construct mean convective
cells. They indicate that the form of the vertical velocity
is not linear along the width of the cell. This characteristic
was already noticed by Jarvis and Peltier [1982], who noted
that the horizontal gradient of the vertical velocity clearly
increases closer to the vertical plumes. A large number of
experiments have been carried out during the present study,
at Rayleigh numbers between 10° and 10° for different
aspect ratios of the model, which lead to various cell widths.
It appears that the velocity is nonnegligible on a width
which, to first order, does depend neither on the Rayleigh
number, nor on the cell width. This width is close to the half
depth of the model.

[15] The profiles of horizontal and vertical velocities used
in our loop model are presented in Figure 5. To correct the
loop model by Turcotte and Schubert [1982, 2002], which
uses a linear profile of vertical velocity, we introduce the
parameter X\ that defines the constant width described
above, on which the vertical velocity presents nonnegligible
variations: X\ ~ 0.5 d.

[16] Considering a uniform viscosity i, these profiles lead
to a horizontal shear stress:

u 2u
Th:lL(@):M P )
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and to a vertical shear stress:
(10)

These profiles also yield the following equation for the
conservation of mass:

=wA\ (11)

d
2

[17] The equilibrium between the work of these shear
stresses and the buoyancy forces of the plumes is:

whd+wfhd=2ulT,+2wd T, (12)

where f; and f;, are the buoyancy forces respectively of the
cold and hot plumes. The two plumes are considered to be
symmetrical: f. = f,. Equations (8) and (12), with the shear
stresses given by equations (9)—(10), lead to

apogATd? <.<) 32T — Ty (u L\ L
T d

d
) 2= 2_-
. \@) AT RN

(13)
[18] Introducing the Rayleigh number,

_apeg AT &
= -

Ra (14)

and using the mass conservation (equation (11)), we obtain:

75 Ra 2/3 T’,*TO 2/3 (L/d)l/3
“Ta oy AT <L+d_3)2/3'

d g\

(15)

[19] This horizontal velocity can be reintroduced in
equation (3), and the mean heat flux can be written:

2\*? Ra' (T, - Ty)*" 1
- (2) o) (16)

253 AT N
1 (54 &)

[20] Using the depth d of the fluid as the characteristic
length and the jump of temperature AT as the characteristic

u
A
b
~ ;
~ «— ) —
~

< L

v

Figure 5. Model of velocity profiles used in this study.
The dashed line represents the linear profile used by
Turcotte and Schubert [1982, 2002].
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temperature for the nondimensionalization, the mean heat
flux in a dimensionless form is

2\ (L= Ty
0-(3) mr e 0
(2 +W)

[21] This expression differs from the one given by
Turcotte and Schubert [1982, 2002]:

4/3
LIV (T; — To)*

QTS :m (L2+L_2)1/3' (18)

Two modifications have been introduced. The first one
concerns the computation of the buoyancy forces of the
plumes. Turcotte and Schubert [1982, 2002] consider that
the fluid in the thermal boundary layer simply undergoes a
90° rotation at the cell corner, with no thermal diffusion or
complexity in the velocity field. The buoyancy flux being
conserved by fluid motion in the plume, they use the
temperature profile in the boundary layer to compute this
buoyancy flux. They also consider a horizontal velocity in
the corner of the cell equal to the one above the center of the
cell. This leads to the heat transported by vertical advection
through the cell interior being larger than the one
transported by conduction through the upper or lower
boundary, so thermal energy is not conserved.

[22] However, the horizontal velocity drops above the
cold plume, and the dynamics of the corner flow are
somewhat more complex than a 90° rotation. In the present
paper, the distribution of temperature in the horizontal
boundary layers is used to compute the buoyancy forces
of the plumes (equations (4)—(8)) such that the heat
advected by the plumes at middepth is equal to the heat
conducted through the boundary layers, ensuring that the
global conservation of energy is respected. The buoyancy
force we thus compute is two times smaller than the one
obtained by Turcotte and Schubert [1982, 2002].

[23] The second modification concerns the horizontal
profiles of the vertical velocity. Turcotte and Schubert
[1982, 2002] do not use profiles of the form of the ones
presented in Figure 4, but linear profiles, for all Rayleigh
numbers and all cell widths. With the notation used in this
study, it is equivalent to X\ = L/2, and leads to a dependence
of the heat flux O on the width of the cell L which is (L* +
L)™' in equation (18), instead of (L* + L/(8X*))"* in
equation (21).

3. Simple Rayleigh-Bénard Convection

[24] Two-dimensional numerical experiments of thermal
convection have been carried out. Equations of convection
for an isoviscous fluid at infinite Prandtl number were
solved using the code Stag [e.g., Tackley, 1993], in a
Cartesian geometry. The mechanical boundary conditions
were zero shear stress on the horizontal boundaries, and
periodicity on the vertical boundaries of the model.
Experiments were carried out for Rayleigh numbers
ranging from 10* to 10®. Models cover a large range of
aspect ratios, in order to obtain various widths of con-
vective cells.
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[25] We aim to study the heat transfer as a function of the
wavelength of convection. In order to do so, we must be
able to define cells of convection at all Rayleigh numbers.
We indicated that the notion of cells is not obvious at high
Rayleigh numbers (see Figure 2). Convection at high
Rayleigh numbers is highly nonstationary, and plumes
move with time. A numerical method, using an approach
in the same spirit as Labrosse [2002] but with some differ-
ences that are presented in Appendix A, was implemented
to detect plumes and operate a stacking of convective cells
over time. Mean synthetic cells, describing the general
cellular circulation in the model, are thus constructed. This
method is described in Appendix A. It allows us to study the
heat transfer as a function of the wavelength of convection
at all Rayleigh numbers.

[26] One must keep in mind the fact that with periodic
boundary conditions on the vertical walls of the model, the
model must contain an even number of cells. In most cases,
the model preferentially adopts a pattern of convection with
cells of aspect ratio close to one. It is then straightforward to
obtain cells of aspect ratio up to 1.5, simply using models of
aspect ratio smaller than 3. Wider cells can be obtained at
low Rayleigh numbers, up to 10°, in a steady state. They
can also be obtained as a transitory state at higher Rayleigh
numbers. At Rayleigh numbers of 10°, 10" and 10% in
a model of aspect ratio 4, the pattern of convection varies
regularly between two cells of aspect ratio 2 and four cells
of aspect ratio 1. An example is shown in Figures Al and
A2 in Appendix A. It was possible to obtain, at least
transiently, cells of aspect ratio up to 3 at Rayleigh number
up to 102, slightly larger than 2 at Ra = 10" and close to 2 at
Ra = 10°.

[27] Even though the question of the selection of the
wavelength of convection is not assessed precisely in this
study, it is to be noted that the often used argument asserting
that the selected pattern of convection is the one which
gives the most efficient heat transfer is not verified here.
The scaling law given by equation (21) predicts a maximum
heat flux for cells of aspect ratio 2\, that is to say close to 1.
Cells of aspect ratio 1 seem indeed easy to obtain, but the
geometry of the model is also an important parameter. Even
with a geometry that would seemingly lead toward cells of
aspect ratio 1, for instance for the models of aspect ratio 4
described in the preceding paragraph, cells of aspect 2 are
obtained, at least temporarily (see Figure Al).

[28] Two examples of the time evolution of the width of
the convective cells and the mean heat flux are presented in
Figure 6, at Ra = 10° and Ra = 10®. The width of the
convective cells is computed using the method presented in
Appendix A. The correlation between the width of the cells
and the heat flux is obvious for the case Ra = 10°. It can be
noted that the time periods with cells of width 1 correspond
to a smooth evolution of the heat flux, due to the fact that
the pattern of convection is in this case quasi-stationary,
with a form similar to the one obtained at Ra = 10°
presented in Figure 1, although with narrower plumes.
The pattern with two cells of aspect ratio 2 is nonstationary.
For Ra = 10%, both patterns are highly nonstationary, but it
still appears that wide cells correspond to a low heat flux,
whereas narrow cells imply a higher heat flux.

[29] This characteristic has to be taken into account when
the method presented in Appendix A is used to construct
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Figure 6. Width of the convective cells and mean heat
flux as a function of time, at (a) Ra = 10° and (b) Ra = 10%.
Time and heat flux are nondimensionalized, using d*/x as
the characteristic time and kAT7/d as the characteristic heat
flux.

mean synthetic cells of convection. A simple stacking over
time of the cases presented in Figure 6 would lead to a mean
cell of aspect ratio close to 1.5, with a stacking of cells of
width alternatively 1 and 2, and the mean parameters
obtained, such as the velocity, the temperature and the heat
flux, could be slightly different from the ones obtained for
an actual cell of width 1.5. Figure 7 indicates for instance
that the heat flux is not a linear function of the cell width L,
and a gross averaging over time of cells of different aspect
ratios can lead to values of the heat flux not representative
of the actual cells observed in the model. In order to be
accurate, the method of cells detection and stacking pre-
sented in Appendix A must be applied over time periods
where the cells keep broadly the same aspect ratio. The
stacking then consists mainly in an averaging over time of
convective cells of a given width.

[30] The scaling law obtained in equation (21), compared
to the one given by Turcotte and Schubert [1982, 2002]
(equation (18)), and the heat flux obtained in the models of
convection, are presented in Figure 7. The values observed
(circles) are either the ones directly obtained when a station-
ary state of convection is achieved at low Rayleigh numbers,
or the ones computed using an averaging over time when a
statistically stationary state is reached at high Rayleigh
numbers. In Figure 7, the scaling laws using the parameter
X\ as a constant are drawn with dashed and dash-dotted lines.
The width X cannot be larger than the half width of the model
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(see Figure 5), and for narrow cells, one tends toward a linear
profile of vertical velocity, corresponding to the case X\ = L/2.
The new computation of the buoyancy force compared to the
scaling law by Turcotte and Schubert [1982, 2002] clearly
gives a mean heat flux closer to the actual values obtained.
Best fits are obtained for decreasing values of \ with
increasing Rayleigh numbers. For cells of large aspect
ratios (L > 2), a deviation is observed between the model
curves and the numerical results, particularly visible for the
case Ra =10 and L =3. This is due to the fact that the pattern
of convection for the large model used here (box of aspect
ratio 6) is not a true cell of convection: more than one down-
welling and one upwelling are present in the model. As on
Figure 2 for the case Ra = 10® and L = 2, cold downwellings
(respectively upwellings) start to form at a distance from the
central upwelling (downwelling) smaller than the width L of
the mean cell. The scaling law proposed in section 2 was built
up with the assumption that a steady state loop model could
fit statistically time-dependent convection. At high Rayleigh
numbers, convection is highly nonstationary and our scaling
law still fits well the obtained heat flux. This confirms the
result obtained by Hansen et al. [1992], about the good
agreement between models of stationary convection obtained
through steady state equations and time-dependent convec-
tion in a statistical sense.

[31] This loop model is relatively successful in predicting
the mean heat flux, but a strong restriction is that
the horizontal velocity given by equation (15) seems too
high compared to the observed values. Figure 8 shows
the scaling law for the horizontal velocity given by
equation (15) and by the loop model by Turcotte and
Schubert [1982]. The new scaling law is closer to the
observed values, but fits the data only if we consider values
of the parameter X\ smaller than the ones used to obtain a
good fit for the heat flux scaling. The horizontal velocity
plotted is the maximal one seen on the horizontal bound-
aries of the mean synthetic cell obtained with the method
presented in Appendix A. It could then be supposed that a
part of the discrepancy lies in the method used to construct
mean convective cells and thus to measure the horizontal
velocity. However, the discrepancy already exists at Ra =
10°, for which convection is stationary and for which the
synthetic cells are exactly equivalent to the instantaneous
cells observed in the model.

[32] Using equation (3) to compute the mean heat flux as
a function of the horizontal velocity u, a better fit is
obtained if the velocity given by equation (15) is used
rather than the actual horizontal velocity observed. It is also
to be noted that the half-space cooling model, which yields
the heat flux given by equation (2), is broadly correct in
reproducing the form of the heat flux far from upwelling
and downwelling currents, but presents some strong dis-
crepancies with the observed spatial distribution of heat
flux. The first discrepancy was already noted by Jarvis and
Peltier [1982, p. 404], who indicated that “the overall effect
of the surface is to produce a surface heat flow which is
greater than that predicted by boundary layer theory to the
left of the center and less than predicted to the right”, so that
the form of the heat flux given by equation (2) is already
only approximate. The second and more important discrep-
ancy lies in the fact that, in order to obtain a correct mean
heat flux, the horizontal velocity to be used leads to a heat
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Figure 7. Heat flux as a function of the width of convective cells L, obtained by the scaling law of
Turcotte and Schubert [1982, 2002] and by the scaling law proposed in this study compared to the actual
values obtained by computation of full models of convection (circles). See text for the definition of .
Solid circles are for cases where cell sizes are permanent, whereas open circles correspond to widths
which can be reached only temporarily. Error bars lengths correspond to the maximum variations of the
heat flux with time. The absence of error bars means that convection is perfectly stationary. Distances L

and X are nondimensionalized using the total depth

flux in the middle of the cell obviously lower than the one
observed. These two discrepancies are presented in Figure 9.

[33] The fact that the modeled heat flux has to be lower
than the one observed in the middle of the cell is required,
given the form of the heat flux given by equation (2). This
heat flux tends toward an infinite value above the hot plume
(x — 0). A nonnegligible percent of the mean heat flux
computed through equation (21) is due to this part of the heat
flux distribution above the hot plume. One could then
propose a more accurate model for the form of the heat flux,
reaching a maximum finite value for x — 0. This would lead,
instead of equation (21), to an equation of the form

. ux \ /2
g: = 2k (T: — To) (’rm L) (1-0C)

(19)

d of the model.

where C would be a positive term introduced to correct the
overestimation of the heat flux above the hot plume.
However, in order to obtain the observed mean heat flux, a
new horizontal velocity u* would be computed through the
loop model, higher than u obtained by the loop model
proposed in section 2, whereas the modeled velocity u is
already higher than the one observed. This correction could
improve the form of the modeled heat flux, but would
increase the difference between the modeled and the
observed velocity.

[34] This paradox is indicated here to emphasize the fact
that the loop model presented in this paper is very simple
and cannot be expected to be perfectly accurate or repro-
duce all the observables in a convective cell. An important
limitation of the model is that it considers a uniform
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Figure 8. Horizontal velocity on the horizontal bo

undaries of the model, as a function of the width of

convective cells. Notations are the same as in Figure 7. Circles are the maximal observed velocities. The
characteristic velocity used for the nondimensionalization is «/d.

horizontal velocity in the boundary layers, while the ob-
served velocity is a function of x. However, despite its
simplicity, this model is relatively successful in predecting
the mean heat flux as a function of the Rayleigh number and
of the geometry of the convective cells. To write this scaling
law, the buoyancy force of the plumes and the shear stress
applied to them by the core of the fluid are balanced.
Considering only the vertical terms in this equilibrium leads
to the relation Q ~ Ra"?. The important point of this loop
model is that it takes into account the horizontal shear stress
applied to the horizontal boundary layers (equation (10)) as
well as the vertical shear stress applied to the plumes.
Without this horizontal shear stress, the horizontal velocity,
in a dimensionless form, would scale as u ~ L'>)\?, instead
of u ~ L"3/[L + 1/(8N° )]*®. The horizontal velocity would
then increase indefinitely with L. Taking into account the
horizontal shear stress is required to explain that the
horizontal velocity reaches a plateau with increasing size
of convective cells (see Figure 8). For the mean heat flux,
the term describing the dependence on the geometry of the

cell is \/u/L, that is to say NL'? if the horizontal shear
stress is not considered.

[35] It has been proposed that the low-velocity zone under
the oceanic lithosphere has a viscosity 1-3 orders of
magnitude lower than the rest of the mantle. Consider, for
the sake of the discussion, that the horizontal shear resis-
tance then totally vanishes. The loop model by Turcotte and
Schubert [1982, 2002] considers a linear horizontal profile
of vertical velocity, which leads to \ = L/2. In this case, if
no horizontal shear stress appears in equation (12), the
dependence of the mean heat flux on the geometry of the
cells can be written O ~ L?*, which means that the heat
transfer efficiency increases infinitely with the width of the
cells. This mechanism, which could be proposed to explain
why the convection in the Earth is of large wavelength, does
not hold when one takes into account the fact that the
vertical velocity in large cells is of the form of the one
presented in Figure 4, instead of a linear profile as proposed
by Turcotte and Schubert [1982]. The forms of the mean
heat flux as a function of the convective cell width, with or
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Figure 9. Observed heat flux at Ra = 10° over a cell of
aspect ratio 2, compared to the one given by the scaling law
proposed in this paper (dashed line) and to the one given by
equation (21) using the observed velocity u (dash-dotted
line). The dotted line uses a velocity which gives the best fit
with the observed heat flux but leads to a too high mean
heat flux.

without horizontal shear resistance, and with a linear profile
of vertical velocity (A = L/2) or with X taken as a constant,
are presented in Figure 10.

[36] Taking into account the actual form of the vertical
velocity is essential to understand that the heat flux cannot
increase indefinitely with the size of the cells. The intro-
duction of the horizontal shear stress then does not change
drastically the form of the relation O ~ f{(L), but is required
to explain the low observed values of the mean heat flux.

4. Heat Transfer in a Plate Tectonic-like Regime

[37] We have seen that the loop model proposed before is
in reasonable agreement with the results obtained in classi-
cal Rayleigh-Bénard convection. However, the range of
length scales that is attainable in such a system is limited
to values much smaller than the dominant length scale of
mantle convection as evidenced by plate sizes. Here, we use
the model of convection with self-consistent plate tectonics
proposed by Tackley [2000] to test the validity of such
scaling in a situation closer to that of the mantle. This model
uses a temperature-dependent viscosity that stiffens the top
boundary layer effectively making it a stagnant lid [e.g.,
Davaille and Jaupart, 1993], and a constant yield stress that
allows, in some cases, the lid to break into plates. We
performed a systematic investigation of this situation, vary-
ing the different control parameters: the Rayleigh number,
the nondimensional heating rate /, the yield stress o, and
the aspect ratio A of the two-dimensional computational
domain. The total viscosity contrast is kept constant equal to
10°, which is enough to put the system in the stagnant lid
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regime in the absence of yield stress [e.g., Solomatov,
1995]. Depending on the choice of parameters, the system
can be in this regime or, if the yield stress is reached
somewhere in the model domain, in a plate-like regime,
as described by Tackley [2000]. The full results of this study
will be reported elsewhere and only some cases in the plate-
like regime are used here, in order to test the applicability of
the loop model in this regime.

[38] As in the standard Rayleigh-Bénard situation, the
solution can be steady or time-dependent, as in the example
shown in Figure 11. The cell detection procedure presented
in section 3 and in Appendix A is applied here, after some
adaptation to the present situation. The method, presented
before and based on velocities works for cases with low
internal heating (as the one used in this section) but better
results (in term of scatter) are obtained here if the detection
is performed on downwelling currents only. This method
also works in situations with high internal heating.

[39] In addition to time averages, we also compute, for
each detected cell, all relevant diagnostics, like the average
temperature, surface velocity, surface and bottom heat
fluxes and, of course, the cell size, providing a whole set
of cells that can be compared to the loop model. This
approach can even be used for evolutionary solution, for
example going from one set of parameters to another, and it
provides tests of theory for all the effective parameters sets
encountered on the way. The loop model should apply to
transient cells as long as the time needed to change the cell
size is long compared to the time for a fluid parcel to
circulate the full loop.

[40] In order to use here the loop model developed in
sections 2 and 3 here, a few modifications are needed. The
averaged temperature 7,, here is not bound to be 1/2
anymore since both internal heat generation and tempera-
ture-dependent viscosity make this temperature increase
compared to the Rayleigh-Bénard case. The heat flux

20 1 1 1 1 1 1
A=L/2
A=0.5 —————————-
1.5 -
\without
= horizontal
2 104 shear stress |
T
Q
= \ /2 T/l
os4 /7 F-TI— -
horizontal
shear stress
00 T T T T T T
0.0 0.5 1.0 15 2.0 25 3.0

Cell width

Figure 10. Forms of the heat flux as a function of the
convective cell width.
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regime for Ra = 10°, H =2, o, = 5.10%, and A = 32. The
three lines identify the times corresponding to the three
snapshots represented in Figure 12.

scaling in such a situation can then be written [Sotin and
Labrosse, 1999]

q = A(L)Ra' T3

s (20)
and the dependence of the prefactor 4 on length scale could
also be somewhat different because the upwelling flow
tends to be less localized in plumes than the downwelling
flow [e.g., Sotin and Labrosse, 1999]. However, the
existence of plates helps localize the upwelling flow,
although still less than downwelling ones are, as can be
seen on Figure 12. It can then be hoped that 4(L) follows
roughly the same trend as the one obtained for the simpler
situation with no internal heating and an isoviscous
fluid, where downwelling and upwelling currents are
symmetrical.

[41] In order to test this possibility, we compute, for each
cell, either instantaneous or time-averaged, the value of ¢/
(Ra)PT) and plot all values against the plate (cell) size.
Ra,, is the Rayleigh number defined using the viscosity at
the temperature T, that is the viscosity of the central part of
the loop. This is the relevant viscosity since it is the one
equilibrating the buoyancy force on the side of plumes. This
parameter is an output of the model whereas the Rayleigh
number that is imposed as input parameter is defined with
the bottom boundary viscosity.

[42] Figure 13a represents the coefficient of the heat flux
scaling law as a function of plate size for all cells detected in
a time-dependent system corresponding to Figure 11. As
shown in Figure 13a, the time evolution displays cells of
widely different sizes, even coexisting at each given time
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(see Figure 11 and the corresponding different symbols in
Figure 13a), which nicely allows the loop model to be
tested, the predictions of which are also represented for
three different values of the parameter X (0.3, 0.5, and 1, see
equation (21)). One can easily see that the prediction of the
loop model satisfactorily fits the results for that case.
Similar results have been found for the other cases in the
plate like regime that have been tested.

[43] The rather large scatter observed for small plate size
is due to the fact that the corresponding cells are the
transient small cells that exist between the two subduction
zones that merge at ¢+ ~ 0.6. Two such cells can be seen
atx ~ 19 on the second snapshot of Figure 12. These cells are
very unsteady and the velocity of plate boundaries, just before
merging, becomes as large as the fluid velocity, rendering the
loop model inappropriate for particular cells. However, after
binning all the points corresponding to the cells on intervals of
0.5 in length (Figure 13b), one can see that the average is
correctly fitted by the loop model.

[44] The loop model and the full calculation also seem
to diverge for very large cell sizes, and several reasons can
be invoked to explain that. Dynamically first, it can be
expected that small scale convection could start under
large aspect ratio cells [Davaille and Jaupart, 1994;
Dumoulin et al., 2001; van Hunen et al., 2003], rendering
the conduction profile assumed for the boundary layer
slightly inaccurate for large plates. This explanation does
not seem to hold for the case presented here (Figure 12),
possibly because the Rayleigh number is not large enough
yet. On the other hand, upwelling plumes exist and the
flow is not strictly cellular. One has to realize that the loop
model is very simple and should not be expected to give a
perfect fit to the full dynamical calculation, particularly in
the case presented here, with internal heating and a
complex rheology.

[45] In addition to instantaneous cells, we represent, in
Figures 13a and 13b, the heat transfer coefficient for
average cells. The large empty circle is obtained for the
cell that is an average over all detected cells. However, the
distribution of cell size is not unimodal (see Figure 13¢) and
averaging the cells separately over the four modes that can
be identified on Figure 13c give four different values,
represented by empty squares in Figures 13a and 13b, that
follow the loop model as well as the individual cells.

[46] Overall, the agreement between the loop model and
the results of the full dynamical calculation is rather good,
even though the loop model was designed for a somewhat
different situation. This means that the basic physics is well
captured by the loop model: the coefficient A(L) of the heat
flux scaling law presents a maximum at L ~ 1 because the
conductive cooling of the boundary layer becomes ineffi-
cient when the thickness of the boundary layer is too large.

5. Implications for the Earth and Discussion

[47] Convection in Earth’s mantle is of long wavelength,
with broadly four cells of convection, of aspect ratio
approximately 3. Our model for the heat flux as a function
of convective cell size (equation (21)) predicts a mean heat
flux for cells of aspect ratio 3 ranging from 55% (A = 0.5) to
60% (X = 0.3) of the one obtained for cells of aspect ratio 1.
This important reduction can help to resolve the problem of
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Figure 13. Prefactor for the heat flux scaling law as a function of plate (cell) size during a time
evolution corresponding to Figure 11. (a) Each solid circle is the value of ¢/(RakT,") against plate size
for one detected cell at one particular time. (b) Large solid circles result from a moving average over the
values of Figure 13a, with error bars representing the interval of averaging and the RMS of fluctuations
within it. (c) Distribution of cell sizes. The different lines are the prediction of the loop model for different
values of X (as labeled). Large open symbols on Figures 13a and 13b result from particular cells: circle is
for the cell averaged on all detected cells, squares are for cells averaged for each mode seen in the
distribution (0 < L <2.25;225<L <3.5;3.5<L <5;5<L <5.5), and triangles, inverted triangles,
and diamonds are for cells detected at the time corresponding to Figures 12a, 12b, and 12c, respectively.
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rapid initial cooling in parameterized models of mantle
thermal history.

[48] The mantle circulation can be expected to depend
highly on the position of continents at the surface of the
Earth. Long wavelengths dominate when continents are
aggregated in one supercontinent, whereas shorter cells
must be present when continents are more uniformly
distributed at the surface, like in the present-day situation.
As shown in Figure 6, changes in the size of the convective
cells lead to nonnegligible variations in the mean heat flux
over time. The cell width on Figure 6 varies only between 1
and 2. If one considers that the present state for the Earth
corresponds to the most “separated” one, as far as the
position of the continents is concerned, and that only two
cells are present when continents are aggregated in one
supercontinent, it is possible to imagine variations over
time between cells of aspect ratio 3 to cells of aspect ratio
close to 7 for whole mantle convection. Our model then
predicts variations in the heat flux due only to changes in
the width of the convective cells of the order of 50%, with a
higher heat flux obtained in the present-day configuration
than in the case with one supercontinent.

[49] The reduction of the efficiency of the heat transfer
for large cells of convection does not imply that satisfactory
models of mantle cooling can be directly obtained by
modifying the coefficient C in the relation Q = C Ra'”.
In a previous study [Grigné and Labrosse, 2001], models of
Earth cooling were constructed, composed of a mantle
cooling model based on the parameterization by Sotin and
Labrosse [1999], coupled to the core cooling model by
Labrosse et al. [1997]. The energy conservation for the
mantle is written:

0 =10 +§(1 +f+17), (21)

where O, and @, are the nondimensional heat flux
respectively at the top and at the base of the mantle, H
is the nondimensional heating rate, and f is the ratio
between the core and the Earth radii. The heat flux at the
top of the mantle is given by equation (21). Sotin and
Labrosse [1999] showed that the nondimensional tempera-
ture 7,, can be written as a function of A and Ra: T, =
A+ + a + £+ AP B4Ra"?, where Cis a
constant depending on f and on the wavelength of
convection L. H includes both radiogenic heating and
secular cooling —JT,,/0t. The above relation for T, is thus
of the form 7,, = {—0T,,/0t, Ra, L, Hq), where H.,q is the
radiogenic heating rate, and can be used to compute the
evolution of 7, over time. Equation (21) can then be used to
compute the heat flux Q, at the core-mantle boundary. The
inner core formation and growth can be computed over time
using the total heat loss of the core. The present-day inner
core radius is then the constraint that fixes the choice of the
initial state in our model.

[s0] If the concentrations in radioactive elements for a
depleted mantle are considered, and with a parameterization
obtained for cells of aspect ratio 1, this cooling model gives
a present-day total heat loss of the mantle of only ~31 TW,
lower than the present-day value of 36 TW once the
contribution from heat production in the continental crust
(6—7 TW) is subtracted [Sclater et al., 1980]. If large cells

GRIGNE ET AL.: CONVECTIVE HEAT TRANSFER AND WAVELENGTH

B03409
250 1 40 tv
Y I
3B /
200 1 30 i
\ R e
\ /
E 25 \ 7/
150 1 Moot
= 20
o 4000 4200 4400
[T
©
2 100 1

0
0 500 1000 1500 2000 2500 3000 3500 4000 4500
Time, My

Figure 14. Total heat loss at the surface of the mantle
obtained with cells of constant aspect ratios (L =1 and L = 3)
or with cells presenting regular variations between aspect
ratios 3 and 7, with a periodicity of 500 Myr. Inset is a focus
of the last part of the evolution.

are considered in the relation Q = C Ra'”, a colder initial

state for the mantle must be chosen in order to obtain the
correct radius for the inner core, and the final state then
obtained still corresponds to a too low heat loss.

[51] Variations of the wavelength of mantle convection
over time can be introduced in this Earth cooling model,
by imposing a variation over time of L. Figure 14 presents
the total heat loss obtained at the surface of the mantle for
the cases of cells of constant aspect ratio, L =1 and L = 3,
and for the case of cells whose width is now 3, and
presented in the past variations ranging from L, = 3 to
L.x = 7, with a constant periodicity of T = 500 Myr, that
is to say:

t
L(t) = Linax + Limin + (Linax — Linin) €08 <27T . + a) , (22)

where « is a constant computed so that the present L equals
3 (@ = —53.4 for 7 = 500 Myr). This case must not be
considered as accurate for the Earth, but is presented here to
emphasize the fact that variations in the size of the
convective cells in the mantle can lead to a highly
nonmonotonic thermal history of the Earth. It can also be
noticed that if the present day corresponds to a “recent”
decrease in the size of the cells after the separation of a
supercontinent, then the heat flux is presently increasing and
reaching a local maximum. Even though the general trend
obtained with a model with a varying aspect ratio is close to
the one obtained with a fixed aspect ratio, it is important to
note that the obtained present heat loss is anomalously high
compared to this general trend. It can then be proposed that
the present-day estimates for the Earth heat loss correspond
to a temporal high anomaly, and may not be explained by
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cooling models which consider a monotonic thermal history
of the mantle.

6. Conclusions

[52] A scaling law for the mean heat flux out of an
isoviscous fluid in Rayleigh-Bénard convection is proposed,
based on the same approach as the scaling by Turcotte and
Schubert [1982, 2002], improved here by the introduction
of two modifications. These modifications lead to a better fit
between the scaling and the observed values of the heat flux
than the former model by Turcotte and Schubert [1982].

[s3] The long standing problem of the cooling of the
Earth, that is the disequilibrium between the heat flow out
of the Earth and the heat production by the decay of
radioactive isotopes, has often been proposed to be solved
by increasing the sensitivity to initial conditions. The most
popular way of achieving this is to go against the self
regulation implied by temperature dependence of the vis-
cosity [7ozer, 1972], using, for example, a smaller exponent
in the heat flux scaling with the Rayleigh number [e.g.,
Christensen, 1985; Conrad and Hager, 1999; Yukutake,
2000; Korenaga, 2003]. Another way to increase the
sensibility to initial condition is to take into account
the growth of continental thermal blankets [Grigné and
Labrosse, 2001] which, if early enough, allows the initial
heat to be conserved for a longer time.

[54] In this paper we presented an alternative solution to
the problem of the cooling of the Earth which relies on the
fact that the prefactor of the heat flux scaling law strongly
depends on the dominant length scale of convective flows.
The proposition that the selected pattern of convection is
preferentially the one that maximizes the heat transfer
efficiency [e.g., Malkus, 1954; Turcotte and Schubert,
2002] is not supported by the experiments carried out
through the present study. In isoviscous models, we could
obtain in some cases a periodical transition between large
and narrow cells of convection (see Figure 6), with large
cells, and thus low heat flux, occurring with a likelihood
grossly equivalent to that of cells of aspect ratio one. With a
temperature-dependent viscosity in a plate-like regime,
large convective cells are more likely obtained, leading to
a situation far from a maximal heat transfer efficiency.

[55] In models of convection with self-consistent plates,
very long wavelength emerge naturally. The model for the
prefactor A(L) proposed in this study, which was built
considering an isoviscous fluid, is still satisfactory for this
more realistic rheology. The loop model has, however, been
shown to diverge slightly from the full dynamical results.
No small-scale convection has been observed under the
modeled lithosphere to explain this observation, which
limits the amount of variation of the heat transfer coefficient
as a function of plate size. Such a situation is, however,
encountered under old oceanic plates and this should
represent a limitation of the present loop model for appli-
cation to the Earth. Nevertheless, the loop model gives a
rather satisfactory fit to the dynamical results.

[s6] The main limitation of the model for an application
to the Earth is the restricted two-dimensional geometry in
which this study was carried out. Even though it can be
expected that the convective circulation in the mantle
is dominated by the pattern imposed by plate tectonics, that
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Figure Al. Scheme of the method used in this study to

construct stacked convective cells at all Rayleigh numbers.
From bottom to top, temperature field, vertical velocity,
horizontal velocity, and vertically averaged velocities are
shown (dashed line is horizontal velocity; solid line is
vertical velocity). This example is for Ra = 10%. Velocities
are normalized using the root mean square of the velocity.
The detected hot and cold plumes, which define the vertical
boundaries of the detected cells, are located at the positions
of the light gray (hot) and black (cold) thick vertical lines.
Two cells are detected on this example.

is to say a circulation to first order well represented by
a two-dimensional roll pattern of convection, some three-
dimensional features, whose importance will have to be
quantified, are not taken into account in our models.
Further studies will have to include three-dimensional
geometry, and the sphericity of the Earth will eventually
have to be introduced. However, we can expect that the
main physics of heat transfer through thermal boundary
layers is well captured by the loop model, and that a
change in the geometry of the models will only result in
a modification of the form of the prefactor A(L) in the
relationship O ~ A(L) T*Ra"?, with a dependence on
the wavelength L broadly similar to the one obtained in a
two-dimensional Cartesian geometry, even though the
definition of the wavelength L will have to be revised.
[57] The wavelength of convection is a parameter of first
importance in the heat transfer efficiency of a convective
system. Most scaling laws used in models of cooling of
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Figure A2. Same as Figure Al, at a different time step,
with four cells detected in the model.

terrestrial planets are derived from models of convection of
limited width, with most commonly convective cells of
aspect ratio one. The important reduction of the heat loss
with increasing size of convective cells must be taken into
account in models of cooling of planets that display long
wavelength features (Earth and Mars), and may help to
increase the dependence on initial conditions in thermal
history, and slow down the rate of cooling. For the Earth,
the variations of the wavelength over time may be funda-
mental in understanding the thermal evolution of the mantle.
On a long timescale, it is possible to imagine variations of
the wavelength due to the formation of the continental crust
and to the secular evolution of plate tectonics. On a shorter
timescale, the Wilson cycle may have a first-order effect.
The present situation, with continents well distributed at the
surface of the Earth, leads to an abnormally high heat loss
compared to a monotonic trend, and therefore cannot be
attained by models that do not take into account the
variations of wavelength with time.

Appendix A: Mean Synthetic Cells of Convection

[58] We here propose a method to build mean convective
cells at all Rayleigh numbers. A cell is defined as the space
in the fluid bounded by a hot and a cold plume. At high
Rayleigh numbers, plumes move with time, and it is
necessary to find a method to locate them. Several methods
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have been tested. Plumes are zones of abnormally high or
low temperature and can then be defined simply with
thresholds of temperature. Plumes are also zones on the
border of which the gradient of temperature is important.
Thresholds on the thermal gradient can also be used to
define plumes. These methods can be used to define
precisely the position of the plumes and study their dynam-
ics [Labrosse, 2002]. However, they only give the locations
of the plumes and their whole patterns, which can be very
complicated. This approach can not be directly applied to
the construction of mean cells of convection.

[s9] The purpose of this study is to understand the heat
transfer as a function of the length scale of the flow. We thus
prefer to work on velocity rather than on temperature. The
former is of larger scale and is simpler to use to understand
the general circulation in a model. The following method is
used: the vertically averaged horizontal and vertical veloc-
ities are computed. Zones of downwelling and upwelling
correspond to zones where the vertically averaged horizon-
tal velocity is low and the vertical one is peaked. Thresholds
are used to determine which zones can be defined as
plumes, and the vertical boundaries of the convective cells
are located on minima and maxima of the vertically aver-
aged vertical velocity. This method is explained in
Figures Al and A2. Sensitivity to the chosen thresholds is
relatively low, the zones of high vertical velocity and low
horizontal velocity being generally limited to the real
plumes. An accurate choice is for instance to define as
plumes, zones where the vertically averaged vertical veloc-
ity is above half the total root mean square of the velocity in
the model (v.,s), and the vertically averaged horizontal

Figure A3. Obtained (a) horizontal and (b) vertical
velocities after stacking and computation of the mean cell
at Ra = 10® in a model of aspect ratio 4. The mean cell
obtained is of width 2.
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velocity is below 0.5 v;,s. With this method, only subvert-
ical long plumes are detected. Smaller plumes, attracted
toward these larger plumes (see Figure 2) are filtered. The
velocity field thus naturally allows to detect the cellular
circulations in the model.

[60] Once cells are detected, a position in the cell, defined
by the distance between this point and the detected plumes,
can be attributed to each point. The different parameters that
we intend to study, such as temperature and velocities, are
mapped on one mean cell, whose width is the mean width of
the different cells detected in the model. At high Rayleigh
numbers, for nonstationary convection, the flow varies
strongly with time. The mean cells detected in the model
are stacked over time, and it is then possible to obtain a
mean simple cell of convection for all Rayleigh numbers.
The velocities obtained for the mean cell at Ra = 10® and for
a model of aspect ratio 4 are presented in Figure A3.

[61] Varying the width of the model, a large range of cell
widths can be obtained. One must, however, keep in mind
the fact that with periodic boundary conditions on the
vertical walls of the model, the model must contain an even
number of cells. As pointed in section 3, the stacking cannot
be applied abruptly over time, without taking into account
in an accurate way the patterns of convection. Figures Al
and A2 show two configurations obtained for a Rayleigh-
Bénard convection at Ra = 10%, one with cells of aspect
ratio 1, and the other cells of aspect ratio 2. In such a bimodal
case, we separately compute the mean heat flux of cells of
aspect ratio 1 and 2.
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