
Testing the tracer ratio method for modeling active
compositional fields in mantle convection simulations

Paul J. Tackley
Department of Earth and Space Sciences and Institute of Geophysics and Planetary Physics, University of California Los
Angeles, 595 Charles Young Drive East, Los Angeles, California 90095, USA (ptackley@ucla.edu)

Scott D. King
Department of Earth and Atmospheric Sciences, Purdue University, 550 Stadium Mall Drive, West Lafayette, Indiana
47907, USA (sking@purdue.edu)

[1] Tracer methods are attractive for modeling compositional fields because they offer the potential of zero

numerical diffusion. Composition is typically taken to be proportional to the absolute local concentration

of tracers, but an increasingly popular method is to have ‘‘dense’’ and ‘‘regular’’ tracers with composition

being equal to the local fraction of ‘‘dense’’ tracers. This paper tests this ‘‘ratio’’ method using established

benchmarks and by comparing the performance of the two tracer methods and grid-based methods for

simulating the long-term evolution of a convecting mantle with a thick, dense, stable layer. For this

scenario the ratio method is found to have several advantages, giving sharp, stable long-term layering with

no tracer settling, minimal statistical ‘‘noise’’ and low entrainment, even with only �5 tracers per cell. The

method is equally applicable to finite volume and finite element treatments of the underlying flow.

Entrainment in grid-based advection methods is heavily dependent on resolution and numerical details, and

is reduced �1 order of magnitude by the filter proposed by A. Lenardic. Numerical determination of

physically correct entrainment rates remains a challenging problem. Comparing tracer and grid based

methods, the spatial pattern of the thermal and chemical fields appear to be converging on the finest grids;

however the estimated entrainment differs significantly.
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1. Introduction

[2] Chemical variations are important in Earth’s

mantle and thus, methods for accurately treating

them in numerical models of mantle convection are

of great interest to the modeling community.

Chemical fields are much more challenging to

model than the temperature field because the

chemical diffusivity is effectively zero, thus the

appropriate differential equation has a hyperbolic,

as opposed to parabolic, form and different numer-

ical methods are required.

[3] Several techniques have been used to repre-

sent active chemical fields in numerical simula-

tions, some representative implementations of

which were compared and benchmarked in van

Keken et al. [1997]. Continuum field techniques

are straightforward but require very small grid

spacing in order to make numerical diffusion

small enough for long term integrations [e.g.,

Ogawa, 2000; Ten et al., 1997]. Marker chains

are useful for treating simple sharp boundaries but

become unfeasible once entrainment and stirring

make the boundary topologically complex [van

Keken et al., 1997]. Tracer particle methods have

great potential, with (neglecting errors in position

due to advection error) zero diffusion, and the

possibility of resolving features narrower than the

grid spacing. However, problems arise when

converting a distribution of tracers to its equiv-

alent continuum field, mainly because of the

statistical variation in tracer density (i.e., number

of tracers per unit volume) from place to place

[Christensen and Hofmann, 1994], which can

cause spurious variations in density, resulting in

settling of tracers and unphysical features in the

resulting flows.

[4] In the broader numerical modeling commun-

ity, particles are often used to advect most or all

fields, including temperature, momentum, and

magnetic field [e.g., Brackbill, 1991; Monaghan,

1985; Munz et al., 1999; Sulsky et al., 1995]. The

general approach, known as particle in cell (PIC),

combines Eulerian grid based velocity calculation

with Lagrangian particle based advection. This

involves interpolation at each time step between

field values defined at grid points and field values

carried by particles. In the mantle dynamics com-

munity, particle methods have thus far been

restricted to compositional fields, and two basic

methods have been used for representing a con-

tinuum field C, here assumed to vary between 0

and 1, with a distribution of tracers. In the most

commonly used method, here referred to the

‘‘absolute’’ method, tracers represent the C = 1

component, lack of tracers indicates C = 0 and

hence the local value of C (hence density) is

proportional to the absolute local tracer density.

It is necessary to have several tens of tracers per

cell to get acceptably small statistical variations in

C from cell to cell [Christensen and Hofmann,

1994; van Keken et al., 1997]. In the second,

‘‘ratio’’ method, which has its roots in [Harlow

and Welch, 1965], one type of tracer represents the

C = 1 component while another type of tracer

represents the C = 0 component, with C being

equal to the local fraction of C = 1 tracers (i.e., the

ratio of C = 1 tracers to total tracers). This ratio

method has reportedly been found (W.-S. Yang,

personal communication, 1999; H. Schmeling,

indirect personal communication, 2001, T. Naka-

kuki, indirect personal communication, 2001) to

require much fewer tracers per cell than the

absolute method, at least for simulating the long

term evolution of a stable layer, a problem that has

received a lot of recent interest [Hansen and Yuen,

2000; Kellogg et al., 1999; Tackley, 1998, 2002].

However, this claimed advantage has not been

rigorously documented, at least in the mantle

convection community.

[5] The purpose of this paper is to document the

performance of the ratio method by first verifying

its validity using standard benchmarks, then com-

paring the performance of the ‘‘absolute’’ and

‘‘ratio’’ tracer methods for modeling the long term

evolution of a convecting system with a deep,

dense layer. The performance of both tracer meth-

ods is also compared to that of two commonly used

grid-based advection schemes.

2. Numerical Methodology

[6] The equations solved are those of infinite-

Prandtl number, constant viscosity Boussinesq
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convection between isothermal, free-slip horizontal

boundaries.

r �~v ¼ 0 ð1Þ

r � h r~vþ r~vð ÞT
� �h i

� ~rp ¼ Ra: T þ BCð Þ~̂z ð2Þ

@T

@t
þ~v � ~rT ¼ r2T ð3Þ

@C

@t
þ~v � ~rC ¼ 1

Le
r2C ð4Þ

where~v, p, T and C are variables velocity, pressure,

temperature and composition respectively, ~̂z is a

vertical unit vector (positive up), Ra is the Rayleigh

number, B is the chemical buoyancy ratio, and Le is

the Lewis number, which is the ratio of thermal

diffusivity to chemical diffusivity. The desired limit

is that of infinite Le (i.e., 1/Le = 0, zero chemical

diffusion), but for numerical reasons a finite Le is

often assumed.

[7] Test results are computed using two com-

pletely different codes for calculating the flow

field and time stepping scalar fields. The codes

are Stag3D [Tackley, 1998, 1996], which uses a

finite volume multigrid method based on staggered

grid primitive variables, and ConMan [King et al.,

1990], a widely used finite element code that uses

bilinear shape functions for velocity (and constant

pressure).

2.1. Advection of Grid-Based Fields

[8] The two codes use different methods for

advecting temperature; these methods are also

used for advecting composition in some tests.

Stag3D uses MPDATA [Smolarkiewicz, 1984],

which is based on the upwind donor cell scheme

and iteratively corrects for numerical diffusion to

achieve second order accuracy. Six iterations are

used for the tests reported here, as fewer resulted

in significantly greater numerical diffusion. Con-

Man uses Petrov-Galerkin upwinding that is sec-

ond order in space and a predictor-corrector

method that is second order in time; further

details can be found in van Keken et al. [1997].

Also implemented in both codes is the filtering

scheme by Lenardic and Kaula [1993], which is

designed to maintain sharp material interfaces,

and is therefore only used for the compositional

field.

2.2. Tracer Advection

[9] In both codes, tracers are advected using a 4th

order Runge-Kutta scheme, with spatial interpola-

tion of velocities performed using bilinear shape

functions in ConMan, but second-order interplation

in Stag3D. The accuracy of tracer advection has

been verified using a standard test reported in van

Keken et al. [1997], in which a tracer is advected

for one circuit in a steady velocity field; the error in

tracer position is of order 10�5. Tracers are ini-

tialized on a regular grid with each tracer perturbed

from its grid position by a random amount of up to

±half a grid spacing, in order to eliminate artifacts

due to tracer alignment.

2.3. Converting Tracer Distributions to C

[10] In order to calculate the velocity/pressure

solution at each time step, the buoyancy associ-

ated with the composition field must be calculated

at the appropriate grid points, which are different

for the two flow solvers. ConMan requires buoy-

ancy at the nodes, which are at the corners of the

elements. Stag3D requires buoyancy at the same

positions as vertical (z) velocity, i.e., in the center

of the cell faces perpendicular to the z-direction.

Because chemical buoyancy is proportional to

C (equation (2)), we here discuss the calculation

of C.

2.3.1. Integrating Over the Local Tracers

[11] Calculation of C at a particular point requires

integrating over the tracer distribution in the sur-

rounding region, most logically defined using

conventional finite element shape functions. Each

tracer is treated as a delta function. Thus the

(generally noninteger) number of tracers in the

surrounding region is given by:

Ni ¼
Z

domain

Si ~xð Þ
XNtr
j¼1

d ~x�~xj
� �

dV ¼
XNtr
j¼1

Si ~xj
� �

ð5Þ

where Si is the shape function for point i, and~xj are
the positions of the tracers. (Because Si are
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localized, it makes no difference whether the

integration limits are the entire domain or just the

local region for which Si 6¼ 0.) The volume of

the local region is:

Vi ¼
Z

domain

Si ~xð ÞdV ð6Þ

These equations apply to finite elements or

volumes of arbitrary shape or size, although the

cases presented here use only rectangular grids

with uniform spacing. In ConMan, the shape

functions Si are the same bilinear nodal shape

functions used in the solution of the velocity

equation. In Stag3D, the underlying solver does not

utilize shape functions so different choices can be

made and two are tested: bilinear functions

identical to those used in ConMan, and constant

or ‘‘cell’’ functions, which are 1.0 in the cell

surrounding the grid point (i.e., extending halfway

to adjacent grid points) and zero elsewhere. For an

evenly-space two-dimensional rectangular grid

with spacing Dx and Dz in the x- and z-directions

respectively, the bilinear shape function for node i

at position (xi, zi) is given by:

Si x; zð Þ ¼ max 0; 1� jx� xij
Dx

	 

max 0; 1� jz� zij

Dz

	 

ð7Þ

whereas the constant (cell) shape function is given

by:

Si x; zð Þ ¼ H Dx=2� jx� xijð ÞH Dz=2� jz� zijð Þ; ð8Þ

where H(x) is the Heaviside step function. For non-

rectangular or irregular grids the reader is referred

to standard finite element texts [e.g., Hughes,

2000; Zienkiewicz and Taylor, 2000] for the

relevant forms.

[12] The integration in (5) can be thought of as a

local averaging of the tracer distribution in the

region around each buoyancy point. Since velocity

and other grid-based fields cannot be resolved at a

smaller scale than the grid spacing, this is the

minimum possible scale at which this averaging

can be performed, as well the logical scale consid-

ering the points at which buoyancy must be calcu-

lated. If a more localized integration function was

used then some tracers would be missed, while a

broader integration function would smear the field.

The bilinear shape function integrates/averages

over a larger region than the constant/cell function

(4 times larger in 2-D, 8 times larger in 3-D).

[13] The integration over tracer delta functions may

alternatively be viewed as a partitioning of each

tracer’s contribution between nearby points. With

the constant/cell shape function, 100% of a tracer’s

contribution is assigned to the closest point, result-

ing in a discontinuous change in the calculated C

value as a tracer moves from one cell to the next. In

contrast, with the bilinear function each tracer’s

contribution is partitioned between the four (in 2-D)

or eight (in 3-D) nearest points, resulting in smooth

changes in C as a tracer moves around, and giving

better physical fidelity because the nodes ‘‘see’’ the

tracer at the correct position.

2.3.2. Absolute Method

[14] In the absolute method, C is proportional to

the local tracer density, i.e., number of tracers per

unit volume:

Ci ¼ A
Ni

Vi

ð9Þ

where A is a constant equal to the initial volume of

the dense layer divided by the number of tracers

representing the dense layer. Each tracer effectively

carries a mass anomaly that remains fixed

throughout the calculation, guaranteeing conserva-

tion of mass. However, C can become unphysically

significantly greater than 1 due to statistical

fluctuations in Ni or clumping or settling of tracers.

Truncating C values at 1 may help (P.E. van

Keken, personal communication, 2001), but mass

conservation is then violated.

2.3.3. Ratio Method

[15] In the ratio method, C is proportional to the

ratio of dense tracers to total number of tracers in

the region around each point:

Ci ¼
Ndense
i

Ndense
i þ N

regular
i

ð10Þ

Thus, C cannot become larger than 1. Mass

conservation is, however, not guaranteed for this
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method, although it should occur on average. An

alternative way of viewing this, which is useful for

extension to smoothly-varying fields, is that tracers

carry a C value of 0 or 1 (the value of C at their

initial position), and C at a grid point is the local

average of Ctr carried by the nearby tracers, i.e.,

Ci ¼
1

Ni

Z
domain

Si ~xð Þ
XNtr
j¼1

Ctr
j d ~x�~xj
� �

:dV ¼ 1

Ni

XNtr
j¼1

Ctr
j Si ~xj

� �

ð11Þ

[16] In ConMan, C hence chemical buoyancy is

calculated at the nodes. In Stag3D, C is first

calculated at the cell centers, which is where scalar

fields T, p, h etc. are defined in the finite volume

method, then interpolated to the buoyancy points.

In principle C could be calculated directly at buoy-

ancy points, something that should be tested in

future.

2.4. Standard Benchmarks

[17] The ratio method is first tested using Stag3D

(using bilinear shape functions) against the two-

dimensional benchmark tests detailed in van Keken

et al. [1997], who presented results for several

different codes and numerical techniques. In the

cases where viscosity is dependent on C, the

viscosity is calculated at cell centers assuming a

linear variation with C.

2.4.1. Rayleigh-Taylor Overturn of a
Buoyant Layer

[18] This test treats the Rayleigh-Taylor instability

of a buoyant layer with no thermal effects. The

buoyant material has either the same viscosity,

1/10th the viscosity, or 1/100th the viscosity of

the (initially) overlying material.

[19] This benchmark was here performed with grid

resolutions of 64 � 64 or 128 � 128 and with

either 5, 15, or 40 tracers per cell (on average).

Images of the C field at a time of 1500 for all six

permutations and three viscosity contrasts are pre-

sented (Figure 1, compare with Figures 2, 4 and 6

in van Keken et al. [1997]), and sample time series

for each case are given in Figure 2 (compare to

Figures 3, 5 and 7 in van Keken et al. [1997]). The

requested quantitative diagnostics growth rate (at

time = 0), maximum vrms and the time at which it

occurs, are listed in Table 1.

2.4.1.1. Constant Viscosity

[20] For the constant viscosity case, results that are

similar to the published results are obtained on the

64 � 64 grid with 40 tracers/cell or on the 128 �
128 grid with 15 or 40 tracers/cell. With 5 tracers/

cell there are noticable differences, and with the 64

Figure 1. Compositional fields for the Rayleigh-
Taylor benchmark using the ratio method at a
nondimensional time of 1500. (top 2 rows) The
isoviscous case, (middle 2 rows) viscosity contrast
Dh = 10, (bottom 2 rows) Dh = 100. (left column) 5
tracers/cell, (center column) 15 tracers/cell, (right
column) 40 tracers/cell. C varies from 0 (blue) to 1 (red).
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� 64 grid and 5 or 15 tracers/cell a downwelling

instability in the upper right that was seen in van

Keken et al. [1997] to occur between t = 1500 and

t = 2000, has occurred before t = 1500. Time series

of rms. velocity and entrainment for the 64 � 64,

40 tracers/cell case (Figure 2) are similar to those

in the benchmark paper. Quantitative diagnostics

are consistent with published results.

2.4.1.2. Viscosity Contrast 10

[21] There were significant differences between the

various results illustrated in van Keken et al.

[1997]. The present cases with 40 tracers/cell or

grid resolution of 128 � 128 and 15 tracers/cell are

within the published range of variation. All cases

all have a similar character but differ in details,

with fewer tracers/cell leading to more small-scale

instabilities due to tracer discretization noise. On

the 64 � 64 grid fine-scale features appear blurred

in the plot, because the size of the smallest features

is less than the grid scale. Quantitative diagnostics

are consistent with published results.

2.4.1.3. Viscosity Contrast 100

[22] The results published in van Keken et al.

[1997] are substantially different from each other

in small-scale details, such that a wider range of the

present results may appear to be acceptable. Again,

a 128 � 128 grid yields better results, and fewer

tracers/cell gives more noise. With the 64 � 64

grid the peak velocity occurs a bit later than

published results.

[23] Other numerical details made subtle differ-

ences to the results, including the method of

calculating viscosity for compositions between 0

and 1 and the time step: smaller steps gave peak

diagnostics (maximum velocity and associated

time) closer to the benchmark solutions.

[24] The conclusion from these results is that hav-

ing grid resolution sufficient to resolve small-scale

active features is important, as is required when

using a continuum field approach. If that condition

is met, which may require a 128 � 128 grid in

some cases, reasonable result can be obtained with

Figure 2. Time series of rms. velocity and entrainment
for the Rayleigh-Taylor benchmark with the three
viscosity contrasts. The cases are constant viscosity
with a 64 � 64 grid and 40 tracers/cell, Dh = 10 with a
128 � 128 and 15 tracers/cell, and Dh = 100 with a 128
� 128 and 40 tracers/cell.

Table 1. Selected Quantities for the Rayleigh-Taylor
Problem

Grid #tr Growth rate t(max vrms) max vrms

Isoviscous
642 5 0.01112 206.5 0.003041

15 0.01117 208.8 0.003098
40 0.01115 209.9 0.003110

1282 5 0.01113 208.1 0.003079
15 0.01110 208.9 0.003097
40 0.01109 209.2 0.003102

Dh = 10
642 5 0.04388 72.4 0.009169

15 0.04539 73.0 0.009226
40 0.04530 73.5 0.009285

1282 5 0.04510 72.8 0.009407
15 0.04530 73.0 0.009380
40 0.04516 73.0 0.009383

Dh = 100
642 5 0.09858 53.6 0.01185

15 0.1034 53.5 0.01204
40 0.1007 53.5 0.01213

1282 5 0.0994 51.1 0.01345
15 0.1013 51.0 0.01399
40 0.1013 51.0 0.01398
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few tracers per cell, although better, less noisy

results are obtained with more tracers/cell.

2.4.2. Entrainment of a Thin Layer

[25] This test models the entrainment of a thin

(0.025), dense layer by thermal convection in an

aspect ratio 2 box at a Rayleigh number of 3 � 105.

The ratio method is rather inefficient here because

40 times as many tracers are required than would

be for the absolute method with the same number

of tracers/cell.

[26] Here the ratio technique is tested, with a grid

resolution of 64 in the vertical direction and either

64 or 128 in the horizontal direction, and 5, 15 or

40 tracers per cell. A typical case, using a 64 � 64

grid with 15 tracers per cell is illustrated in Figure 3.

The evolution of the C field is consistent with the

results shown in Figures 8–11 of van Keken et al.

[1997], which diverge from each other.

[27] Entrainment curves during the first part of the

simulation are illustrated in Figure 4 (compare to

the inset in Figure 12b in van Keken et al. [1997]).

The curves have a similar shape to those previously

reported, with an absolute amplitude that depends

on numerical details. Tracer discretization is noti-

cable particularly with fewer tracers/cell. On a 128

� 64 grid entrainment at time = 0.02 ranges from

0.06–0.067 depending on #tracers/cell, consistent

with the previously reported results. With the

coarser grid, e(0.02) ranges from 0.072 to 0.093,

perhaps a little high but still within the previously

reported range. Test using the absolute method in

Stag3D [Tackley, 1998] obtained slightly higher

entrainment for the same grids.

3. Long Time, Thick Layer Test

3.1. Definition

[28] A new benchmark test is presented based on

simulating the long-term evolution of a deep,

dense, stable layer in a convecting mantle. The

focus is on 2-D with a few 3-D results. A Boussi-

nesq, constant physical properties fluid is assumed

in a 1 � 1 box (1 � 1 � 1 in 3-D) with reflecting

side boundaries and free-slip, isothermal, horizon-

tal boundaries. The thermal Rayleigh number is

Figure 3. Evolution of the C field for the thin layer
entrainment benchmark run with 64 � 64 grid points
and 15 tracers per cell. Times vary between 0.01 and
0.05 as indicated. C varies from 0 (blue) to 1 (red).
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106. The chemical buoyancy ratio B is �1.0. C is

initially a flat layer occupying the lower 40% of the

box. T is initialized from a steady state thermal

convection solution (Figure 5).

[29] The model is integrated for a time of 0.1, which

typically takes several thousands of time steps, and

may scale to billions of years. With these parame-

ters, convection occurs in both layers, with an over-

all Nusselt number of �7 (compared to �20 for

unlayered cases). For the final state, visual compar-

isons of thermal and chemical fields are made, plus

quantitative diagnostics (1) Cmax, the maximum

value of the C field, (2) the fractional error in the

volume integral of C (‘‘C mass error’’), given by

DMC ¼
R
C

� �
�

R
C

� �
initialR

C
� �

initial

ð12Þ

where the integration is over the entire domain, and

(3) the fraction of dense material entrained above a

depth of 0.5, given by

e ¼ 1

0:4

Z1

0:5

Z1

0

Cdxdz: ð13Þ

3.2. Results

[30] Results are presented and compared for both

tracer field (absolute, truncated absolute and ratio)

and grid-based field (with or without the ‘‘Lenardic’’

filter) approaches using both ConMan and Stag3D.

For the tracer methods, bilinear shape functions are

used for all cases, with constant/cell shape functions

additionally tested using Stag3D. The average num-

ber of tracers per cell is varied from 5 to 160,

although the actual number can vary substantially

from this mean. 2.5 times as many tracers are needed

in the ratio method as in the absolute method.

3.2.1. Tracer Methods

[31] Remarkably similar results are obtained with

the two different codes Stag3D and ConMan. The

T and C fields for these are shown in Figures 6 and

7 respectively, with quantitative diagnostics com-

pared in Figure 8.

[32] The absolute method suffers from dramatic

tracer settling for #tracers/cell<40 (Figures 6–7),

resulting in maximum C values very much higher

than 1.0 (Figure 8a). This settling results in a

reduced, stably stratified layer that does not inter-

nally convect. Cmax values (Figure 8a) indicate

that constant shape functions give greater settling

than bilinear shape functions for Stag3D, although

ConMan appears to experience greater settling

Figure 4. Entrainment versus time up to a time of 0.02
for the thin layer entrainment benchmark with six
combinations of grid resolution and tracers/cell as
indicated.

Figure 5. Initial steady state temperature fields for the deep stable layer test. (a) in two dimensions, (b) in three-
dimensions, isosurfaces of (blue) T = 0.25 and (red) T = 0.75, and (c) 3-D, mid-depth temperature cross-section. The
3-D solution can be obtained by initializing with T = 0.5 + 0.1 sin(pz) cos(2 px) cos(2py) and running to steady state.
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even using bilinear shape functions, perhaps

because the order of velocity interpolation during

tracer advection is lower. For �40 tracers/cell

settling is not observed but the C field is very

noisy, with Cmax > 1.17 for both codes even with

160 tracers/cell. Truncating C at 1.0 provides a

great improvement, eliminating settling and reduc-

ing noise, although substantial entrainment and

layer shrinkage is visible with <40 tracers/cell.

[33] Using the ratio method, C and T fields using 5

tracers/cell appear similar to those with 160 tracers/

cell. There is no noticable settling and little noise,

and low entrainment. Ratio method solutions

are similar to the truncated absolute solution with

80–160 tracers/cell (these solutions are slightly

time-dependent).

[34] C mass error is substantial when truncation is

added to the absolute method (Figure 8b)- between

0.775% (160 tracers/cell; ConMan) and 16.4% (5

tracers/cell; Stag3D). With the ratio method, this is

always less than 0.65% using linear shape functions.

[35] Entrainment displays different trends with

increasing #tracers/cell, depending on the method

(Figure 8c). For the absolute method entrainment

decreases whereas for the ratio method it

increases, and is much smaller. Truncation greatly

increases entrainment with few tracers/cell.

Entrainment converges with increasing tracers/cell,

although it has not fully converged even with 160

tracers/cell. It appears that ConMan results con-

verge to an asymptotic value more rapidly than

Stag3D results, particularly for the ratio method

where little change in entrainment is observed

between 10 and 160 tracers/cell.

[36] It is not clear from logical reasoning how the

required number of tracers per cell scales from 2-D

Figure 6. C and T fields for Stag3D tracer advection tests at a time of 0.1 for (columns, as labeled) different
methods and (rows, as labeled) tracers/cell varying from 5 to 160. The color scheme is scaled from 0 to the maximum
value in each frame, which is 1.0 for T and for C in ratio or truncated cases, but >1 for C in absolute non-truncated
cases as given in Figure 8a.
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to 3-D. From a statistical viewpoint (i.e., considering

the random fractional variation in tracers/cell, which

for a Poisson distribution scales as 1/
p
(tracers/

cell)), the requirement is independent of dimen-

sionality. Alternatively, to resolve small-scale fea-

tures, the average spacing between adjacent tracers

may be key, leading to tracers/cell scaling as the

power of dimensionality, i.e., N3D = N2D
3/2. These

are limiting cases.

[37] Four 3-D cases have been run using Stag3D,

the ratio method with linear shape functions and 5

to 40 tracers/cell. T and C fields (Figure 9) indicate

long-term stable layering with a sharp boundary

even with only 5 tracers/cell. The fields evolved

slowly, initially following the same path with upw-

ellings and downwellings in the corners where they

started. However, mechanical coupling is preferred

over thermal coupling for constant viscosity, so

some upwellings and downwelling moved, at which

point the solutions became slightly different. Cross-

sections of C reveal a sharp boundary and more

entrainment than in 2-D as confirmed quantitatively

(Figure 8c), although since the physically correct

Figure 7. C and T fields for ConMan tracer advection tests at a time of 0.1 for (columns, as labeled) different
methods and (rows, as labeled) tracers/cell varying from 5 to 160. The color scheme is scaled from 0 to the maximum
value in each frame, which is 1.0 for T and for C in ratio or truncated cases, but >1 for C in absolute non-truncated
cases as given in Figure 8a.
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entrainment is likely different in 3-D than in 2-D,

such a comparison may not give useful information

about the numerical scheme. C mass error (Figure

8b) appears slightly larger than in 2-D but still less

than 1%.

3.2.2. Grid Methods

[38] Results were computed with ConMan for 1/Le

between 10�2 and 10�5 and grid resolutions of 64

� 64 or 128 � 128, and for Stag3D with no added

diffusion (i.e., numerical diffusion only) and 64 �
64, 128 � 128, or 256 � 256 cells. All advection

methods used conserve mass (i.e., C mass error is

zero) and produce only small overshoots (i.e., Cmax

is always less than 1.05), so the discussion here

focuses on entrainment. Although stable layers

survive in all cases, it is apparent both visually

(Figure 10) and quantitatively (Figure 11) that for

the basic (unfiltered) advection techniques entrain-

ment is an order of magnitude higher than for

converged tracer methods. Adding the Lenardic

filter greatly reduces entrainment, to less than

tracer methods in some cases. In the ConMan

and and 256 � 256 Stag3D calculations, adding

the Lenardic filter changes the pattern of the flow.

The fields from the grid method with the filter are

consistent with the tracer-based fields.

[39] Numerical diffusion in ConMan can be esti-

mated from the graph of entrainment versus 1/Le

(Figure 11a)- once 1/Le is less than numerical

diffusion, entrainment should stop changing. Cases

with no filter display little change in entrainment

with 1/Le, suggesting that numerical diffusion is

greater than 10�2 times thermal diffusion. The

filtered results suggest that the effective numerical

diffusion coefficient is in the range 10�4–10�5.

[40] Increasing grid resolution reduces entrainment,

and it appears that an asymptotic value has not been

reached at the maximum resolutions used here

(128 � 128 for Conman or 256 � 256 for Stag3D).

Stag3D displays significantly more entrainment

than ConMan, which could be due to a combination

of two reasons: (1) MPDATA, the advection

method used in Stag3D, is known to be diffusive

relative to other finite volume advection schemes

[Muller, 1992], some of which are specifically

designed for advecting sharp features such as dis-

continuities. (2) The points at which buoyancy must

be known are vertically mid-way between the

points at which scalar fields C and T are defined;

the resulting interpolation vertically smears the

fields, as far as the flow solver is concerned.

[41] Regarding visual patterns (Figure 10), none of

the unfiltered cases reproduce the solution obtained

with tracers; the Lenardic filter is required, and

(particularly for Stag3D), higher resolution.

3.2.3. Execution Time

[42] The tracer-based methods take considerably

longer to run than grid-based methods; indeed,

advecting tracers takes the majority of execution

time. Examples are given for Stag3D running on a

400 Mhz Pentium II Linux PC. A very efficient

stream function-based flow solver is used for con-

stant viscosity cases. Grid based field cases take

0.155 s/step on a 64 � 64 grid and 0.65 s/step on a

Figure 8. Scaling of (top) maximum C value, (center)
C mass error, and (bottom) entrainment as a function of
#tracers/cell, for Conman and Stag3D tracer methods as
indicated in legends.

Geochemistry
Geophysics
Geosystems G3G3

tackley and king: tracer ratio method 10.1029/2001GC000214

11 of 15



128�128grid, faster than the ratiomethodona64�
64 grid, which varies linearly with #tracers between

0.82 s/step (5 tracers/cell) and 23.8 s/step (160

tracers/cell). Suchdifferences in execution timemust

be considered when deciding which method to use.

4. Discussion

[43] It is useful to compare the tracer ratio method

and the filter by Lenardic and Kaula [1993],

because both tend to sharpen material interfaces.

There is a fundamental difference in that the Lenar-

dic filter causes irreversible long-range interactions

at each timestep in order to enforce conservation:

any net loss or gain of material caused by localized

truncation of advection overshoots is compensated

for by a correction spread over the entire domain. In

contrast, the tracer ratio method does not involve

moving any tracers or permanently changing their

values. It is simply a method of converting a given

tracer distribution to a grid-based field in a manner

that tends to produce regions with uniform values

separated by sharp interfaces.

[44] Entrainment rates are important to quantify in

order to constrain Earth’s thermo-chemical evolu-

tion. The differences in entrainment rates between

different methods and even between the same

Figure 9. 3-D cases at a time of 0.1 using the ratio method with (rows, as indicated) between 5 and 40 tracers/cell.
(left column) T isosurfaces 0.1 (blue), 0.4 (green), 0.6 (yellow) and 0.9 (red); (center column) isosurface C = 0.5, and
(right column) vertical slice through the C field at y = 0.5.
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method with different grid resolutions, is thus a

serious problem. Tracer methods appear to be on

a convergent path as the number of tracers is

increased, at least for the grid resolution consid-

ered here, and the discrepancies between absolute

and ratio methods with few tracers/cell are easy to

understand, at least qualitatively. The ratio

method underestimates entrainment because with

few tracers/cell the buoyancy represented by a

single entrained dense tracer is quite large, mak-

ing it difficult to entrain. The absolute method

overestimates entrainment with few tracers/cell

because tracer settling reduces the density contrast

at the top of the dense layer, making it easier to

entrain. The large entrainment obtained with non-

filtered grid-based advection methods is also easy

to understand: grid-based methods suffer numer-

ical diffusion, which smears density interfaces

over several grid spacings; the less dense material

from the top of the smeared interface is easy to

Figure 10. C and T fields for grid-based advection tests using Conman and Stag3D at a time of 0.1. Cases on the
left use the basic advection methods, whereas cases on the right additionally use the Lenardic filter.
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entrain. The Lenardic filter strongly reduces this

smearing.

[45] However, while tracer methods appear to be a

convergent path as #tracers is increased, it is not

clear that grid-based methods are converging with

decreasing grid spacing, and there is a quantitative

discrepancy between tracer-based and grid-based

methods in the present tests. Convergence must be

tested by going to much higher resolutions with all

techniques, and numerical results must be tested

against entrainment rates determined in laboratory

experiments [Davaille, 1999a, 1999b].

[46] A possible improvement Stag3D’s tracer field

treatment is to calculate C directly at the buoyancy

points using (5)–(10), rather than, as is presently

done to be consistent with the finite volume

staggered grid definition, calculating C at cell

centers then interpolating to the buoyancy points,

a step that makes the flow solver ‘‘see’’ a slightly

smeared-out version of the C field, possibly

increasing entrainment.

5. Conclusions and Future Directions

[47] For the Rayleigh-Taylor overturn of an unsta-

ble layer or the (relatively) rapid entrainment of a

thin layer [van Keken et al., 1997], the ratio method

obtains correct results if the grid spacing is small

enough to resolve dynamically important features

and there are enough tracers per cell to reduce

noise acceptably. For these cases, however, it does

not appear to offer a clear advantage over the

methods reported in van Keken et al. [1997]. The

Rayleigh-Taylor benchmark may be more suscep-

tible to discretization noise than the new, stable

layer test because with an unstable layer, positive

feedback, rather than negative feedback as with a

stable layer, operates on any numerical perturba-

tions to the layer boundary. For simulating a very

thin layer, the ratio method is inefficient because

tracers must be placed everywhere instead of only

in the layer.

[48] In contrast, for the long-term integration of

convection with a thick stable layer, the tracer ratio

method has several advantages over the absolute

tracer method, obtaining even with �5 tracers/cell:

(1) no C values greater than 1, (2) minimal varia-

tions of C within the dense layer, (3) sharp, stable

layering, and (4) low entrainment rates (perhaps

unrealistically so for few tracers/cell). The choice

of method should thus be made according to the

physical situation being modeled.The advection of

tracers and projection of tracers to grid points is

computationally burdensome. This makes the ratio

method attractive because the number of tracers per

cell can be reduced.

[49] The grid-based advection methods tested here

experience an order of magnitude greater entrain-

ment than tracer-based methods unless an inter-

face-sharpening filter is applied [Lenardic and

Kaula, 1993]. Even then, entrainment rates are

highly resolution-dependent, and higher grid reso-

lution may be required to obtain the same solution

obtained with tracer methods.

Figure 11. Effect of numerical parameters on entrainment for grid-based advection tests. (a) ConMan with varying
chemical diffusivity (1/Le), (b) Stag3D and ConMan with varying grid resolutions, 64 � 64, 128 � 128, or 256 �
256 elements or cells.
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[50] In the future, a key task is to find methods that

give physically correct entrainment rates, as dis-

cussed earlier, and are computationally efficient.

This may involve exploring other advection meth-

ods, both tracer-based and grid-based. Several grid-

based methods exist for treating sharp interfaces or

shocks [e.g., Harten et al., 1987; Muller, 1992].

[51] Tracer-based advection could be applied to

other fields, such as temperature. In that case, each

tracer carries the actual value of the field at its

location. This approach is particularly suitable for

smoothly varying fields such as temperature, and is

commonly used for such in the broader modeling

community [e.g., Brackbill, 1991; Monaghan,

1985; Munz et al., 1999; Sulsky et al., 1995].

Diffusion and other processes that involve inter-

action between tracers are calculated in grid space

each time step and interpolated to tracer positions.

The ratio method tested here can be viewed as a

special case of this method with tracers carrying 0

or 1, and zero diffusion.
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